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I. Introduction


Optimal control theory was developed by Pontryagin and his associates [9] as a renovation of the classical theory of calculus of variations.  It provides a convenient method for analyzing a wide class of economic problems such as planning the optimal capital accumulation of an economy and investigating the process of investment by a firm or by an individual.  Although many applications of Pontryagin’s theory to economic problems have been published, only a few of them have paid attention to the problem of comparative dynamics (sensitivity analysis), i.e., that of analyzing the effect of a parameter on the optimum solution.
  In planning problems comparative dynamics may be useful for investigating the dependence of a plan on exogenous factors.  In dynamic behavioral models it could serve as a tool for deriving the demand or the supply functions of an economic agent in question.


The present paper develops a systematic method dealing with comparative dynamics in optimal control problems.  To facilitate the basic idea, let us consider a simple problem of maximizing the function[image: image2.png]f(x.6)



in[image: image4.png]


, where[image: image6.png]


is a parameter to be regarded as fixed while the maximization is carried out.  What we usually do is to obtain the first-order condition:

(1)
[image: image8.png]fe(x.6) =0



,
and to solve this for[image: image10.png]


.  Assume that the solution[image: image12.png]


thus obtained is a unique optimum.  The dependence of this optimum on the parameter[image: image14.png]


may be studied by calculating the derivative of[image: image16.png]


 with respect to[image: image18.png]


:

(2)
[image: image20.png]fex - X' (6) + fug =0



, or
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This method can be extended to constrained maximum problems.  In the theory of household behavior, for example, the solution is known in such terms as Slutzky equations, Hicksians, etc., where the role of[image: image24.png]


is played by commodity price or income.


It is noted that Pontryagin’s optimum condition for a control problem (composed of the maximum principle, auxiliary differential equations, and transversality conditions) is essentially the first-order condition; in this sense it is an extension of (1).
  What I intend to do in this paper under the name of comparative dynamics is to extend (2) to optimal control problems.  Under certain assumptions we shall provide a set of formulas by means of which the derivatives of the optimum solution of a control problem with respect to a parameter may be calculated.


It is well known that under certain conditions a solution of a system of differential equations is differentiable with respect to a parameter appearing in the system (the theorem of variational differential equations).
  Since Pontryagin’s condition contains differential equations, it is suggested that one might make use of this theorem for comparative dynamics.  However, an immediate application is difficult, since the theorem presupposes that the differential equations are continuous in state variables, while those appearing in Pontryagin’s condition frequently exhibit discontinuities in state variables (e.g., bang-bang controls).
  To resolve this, we shall extend the theorem of variational equations to the discontinuous case (Section III).  Once this is attained, we can readily derive formulas for comparative dynamics from Pontryagin’s condition (Section IV).


The method of comparative dynamics to be presented in this paper is general enough to allow a parameter to appear almost anywhere in the original control problem; e.g., the objective function may contain it, the initial state may be a function of it, or the constraint on the control may be affected by it (or any combination of these).  The paper deals with the effect of a parameter on the optimal control, on the state variables, and on the objective function.  Both cases of finite and infinite horizons are considered.


The following section (Section II) formulates our problem.  Section III is devoted to extending the theorem of variational differential equations to the case where discontinuities arise.  The main results will be presented in Section IV.  It will state a set of conditions sufficient for the optimum solution to be differentiable with respect to a given parameter, together with formulas for computing the derivative.  Section V deals with the effect of a parameter on the objective function.  The last section (Section VI) is devoted to an example in which the method of comparative dynamics is applied to a model of optimal capital accumulation.

II. The Problem


We shall be concerned with an optimal control problem with a parameter.  It is of fixed time, variable end-points, autonomous differential equations, and fixed constraints on controls:
,
 the objective function

(3)
[image: image26.png]v =[O u(), 0)dt



,
is to be maximized in[image: image28.png]x(t)



and[image: image30.png]u(t)



, subject to 

(4)
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,
(5)
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[image: image36.png]


,
(6)
[image: image38.png]



[image: image40.png](i=0,1)



,
where[image: image42.png](tot)(—0 Sty <t S +x)



 is a fixed interval of time,[image: image44.png]


is an[image: image46.png]


-vector (the state variables), [image: image48.png]


is an[image: image50.png]


-vector (the controls), [image: image52.png]


is a number (the parameter), and the functions[image: image54.png]fO: RrEmEL
— R



, [image: image56.png]RmEmEL , g




, [image: image58.png]9L R S RTI(0 27, Zn)



, [image: image60.png]R™* = R¥(kZ0)




 are all assumed continuously differentiable with respect to the arguments, [image: image62.png]RJ



 being a[image: image64.png]


-dimensional space.  Let us put


[image: image66.png]v(t) = fO(x(t). u(t).6)




[image: image68.png]


,
(7)
[image: image70.png]v(0) = 0



,
so that

(3a)
[image: image72.png]



If the functions[image: image74.png]u(t.6)



,[image: image76.png]x(t.6)



, and[image: image78.png]v(t.8)



maximize (3a) subject to (4) - (7) for a given parameter [image: image80.png]


, they are called optimum.  In addition, we call such[image: image82.png]u(t,8)



optimal control.


The appearance of[image: image84.png]


in the above functions reflects the fact that, in general, an optimum depends on it.  Comparative dynamics deals with how a change in[image: image86.png]


affects an optimum.  First of all, it is easily established that for each[image: image88.png]


the set of optimum solutions[image: image90.png]u(t,8)



and[image: image92.png]x(t.8)



is upper semicontinuous in[image: image94.png]


(with respect to the inclusion relation), since everything is continuous in[image: image96.png]


.  Furthermore, the objective function

(3b)
[image: image98.png]=v(t,) = v(t..6)




is continuous in[image: image100.png]


.  In the present paper, we shall focus our attention on the differentiability of an optimum solution with respect to[image: image102.png]


, assuming its uniqueness.


It is seen that without losing generality the differentiability of an optimum solution may be examined with the assumption[image: image104.png]


.  For simplicity, when θ is set equal to zero, we may suppress the number[image: image106.png]


for[image: image108.png]


in the argument of a function.  Thus,[image: image110.png]flxu) = f(xu.0)



,[image: image112.png]x(t) = x(t.0)



, etc.


Next, we state Pontryagin’s optimum condition for the control problem.
,
  First of all, define the Hamiltonian

(8)
[image: image114.png]Folru8) +p-flxu6)



,
and its maximum in[image: image116.png]


subject to (5)

(9)
[image: image118.png]



where[image: image120.png]


is an[image: image122.png]


-vector (the auxiliary variables) and the dot denotes the inner product.  If[image: image124.png]u(t)



and [image: image126.png]x(t)



is an optimum for a problem in which[image: image128.png]


, then there exists a nontrivial function[image: image130.png]p(t)



on[image: image132.png](to.ty)



such that
(10)
(the maximum principle)

          [image: image134.png]H(p().x(8), u(t) = M(p(t), x(¢))



,
(11)
(the auxiliary differential equations)


  [image: image136.png]—H,(p(£). x(£).u(t))




[image: image138.png]


,
(12)
(the transversality conditions)


  [image: image140.png]



[image: image142.png](i=0,1)



,
provided that

(13)
  [image: image144.png]rank (@(x(t)) =,




[image: image146.png](i=01)



,
Where[image: image148.png]


,[image: image150.png]


 are, respectively, the partial derivatives of[image: image152.png]


,[image: image154.png]


with respect to[image: image156.png]


;[image: image158.png]


will be treated as an[image: image160.png]


-vector and[image: image162.png]


as an[image: image164.png](r.m)



-matrix.  Further,[image: image166.png]il



is the subspace of[image: image168.png]


spanned by the row-vectors of[image: image170.png]@i(x(t))



.

The optimum solution characterized by the above condition ranges over a very wide variety.  In order to isolate a class of optimum solutions which can be studied by means of comparative dynamics, we define a regular optimum solution in the following way:


DIFINITION:

(a) A pair[image: image172.png](@.x)



is regular for[image: image174.png]


, if the control[image: image176.png]


satisfying the maximum principle

(14)
  [image: image178.png]H(p.x,u.6) = M(p.x.6)





 is unique and is a continuously differentiable function

(15)
  [image: image180.png]




 in a neighborhood of[image: image182.png](p.x.6).




(b) An optimum control[image: image184.png]u(t,8)



is regular at[image: image186.png]


for[image: image188.png]


, if [image: image190.png](p.(.6).x(t.6))



 is regular for[image: image192.png]


 and [image: image194.png]u(t,6) = u(p, (t.6).x(t.6).6).




(c) An optimum control[image: image196.png]u(t,8)



is regular on[image: image198.png](to.ty)



for[image: image200.png]


, if the optimum control is regular for[image: image202.png]


at[image: image204.png]


, at [image: image206.png]


, and at each[image: image208.png]


of[image: image210.png](to.ty)



except for a finite number of points, say [image: image212.png]


(called switching time-points) [image: image214.png]


, where [image: image216.png]tg <53 <55 <o <5g <1y





It is easily seen that not all optimum solutions are regular.  In control problems encountered in applications, however, optimum solutions usually turn out to be regular.  In the sequel, we shall be concerned only with regular optimum solutions.


The concept of regularity defined above has a close relation to (in fact, is originated from) the method of phase-diagrams, used commonly in applications for solving control problems.  The following is a typical regular optimum for a problem with[image: image218.png]


described in terms of phase-diagrams:  The whole interval[image: image220.png](to.ty)



is divided into[image: image222.png](@+1)



subintervals by the switching time-points[image: image224.png]


  We consider an optimal control[image: image226.png]u(t)



which is regular (hence smooth) at the interior of any subinterval.  It may be discontinuous at a switching time-point.  On the other hand, the[image: image228.png]


-space is divided into regions of regular points, each of which is an open set (from (a) of the definition of regularity).  The path of the optimum solution[image: image230.png](p(®).x(t))



starts at an interior point of a region at[image: image232.png]


, crosses its boundary at[image: image234.png]


, stays in the interior of another region for[image: image236.png]s, <t<s,



, crosses its boundary at[image: image238.png]


, and so on.  It terminates at an interior point of some region at[image: image240.png]


.  The path is smooth in the interior of any region.  At a boundary point it is continuous but may not be smooth.  It we characterize the boundary of regions which the path crosses at[image: image242.png]


 by the equation[image: image244.png]hi(p.x)



, then

(16)
[image: image246.png]R (p(s;).%(5;)) = 0




[image: image248.png]


.
We shall call[image: image250.png](0(s).x(s;)



switching point.  Figures 1a and 1b illustrate a regular optimum solution for a case of[image: image252.png]


 and[image: image254.png]


. 


There are several reasons that an optimum control “switches” at a time-point, say[image: image256.png]


.  This might arise from the fact that the set of effective constraints of (5) is changed from one to another at[image: image258.png]


.  Also, it might arise from the fact that the control satisfying (14) jumps from a local maximum to another local maximum at[image: image260.png]


.  We shall study the properties of the optimum control at a switching time-point more in detail in Section IV.


We are now able to state our problem.  First, to simplify the notation, let us introduce


[image: image262.png]


,
(17)
[image: image264.png]



[image: image266.png]f(x.u(z.6).6))




where[image: image268.png]


is a[image: image270.png](2n)



-vector and[image: image272.png]F:R3n+t 5 pan



 is a continuously differentiable function for regular [image: image274.png]


.  It may be discontinuous at a point satisfying[image: image276.png]hi(z) =




.  Then, the constraints (4) - (6), the optimum condition (10) - (12), and the switchings (16) for a problem in which[image: image278.png]


can be reduced to:


(the original and the auxiliary differential equations together with the maximum principle)

(18)
[image: image280.png]#(t) = F(z(t))




for regular[image: image282.png]


in[image: image284.png](to.ty)



(i.e., for all[image: image286.png]


except[image: image288.png]


),

(the switchings)
[image: image289.wmf]
(19)
[image: image291.png]W (2(s;)) = 0



 
[image: image293.png]


,
(the end and the transversality conditions)

(20)
[image: image295.png]Wi(z(t) =
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,
where [image: image299.png]Pi: R
R™



 is a function of[image: image301.png](z.6)



and (20) is equivalent to (5) and (12).  To see that this is possible, it suffices to observe from (13) and the definition of[image: image303.png]


that (12) is equivalent to [image: image305.png](n—m)



linear constraints on[image: image307.png]z(t;)



.

Our task will then be to investigate how the function[image: image309.png]2(t) = z(t,0)



is shifted when the parameter θ is changed near[image: image311.png]


.  In Section IV, we shall obtain a set of conditions sufficient for [image: image313.png]z(t.6)



to be differentiable with respect to[image: image315.png]


at[image: image317.png]


and formulas to compute the derivative.

It is noted that the condition (18) - (20) is only necessary for optimum.  Hence it is possible that[image: image319.png]z(t) = z(t.0)



satisfying (18) - (20) is an optimum but[image: image321.png]2(t.6)



satisfying equations like (18) - (20) for a small[image: image323.png]620



is not an optimum.  If this is the case, the derivative of[image: image325.png]2(t.6)



with respect to θ​ at[image: image327.png]


, though it exists and is computable, does not describe the shift of the optimum solution.  Such a case may arise in applications, even if the optimum for[image: image329.png]


is regular.  (If the optimum solution is not unique at[image: image331.png]


, then usually this will be the case.)  It seems that there is no systematic way of dealing with this kind of complexity; it can be analyzed case by case only.
  Yet it is true that in many applications the function[image: image333.png]2(t.6)



satisfying (18) - (20) remains as the unique optimum for all θ near[image: image335.png]


.  In such an “interior-maximum” case, our method will be useful directly for comparative dynamics.

​III. Variational Differential Equations

In this section, we shall state two lemmas on variational differential equations.  The first is well known in the theory of ordinary differential equations.  The second is an extension of the first to the case where the equations are allowed to be discontinuous in state variables.  The notation in this section is independent of that in the previous and the following sections.

Consider the following system of differential equations together with an initial condition, both containing a parameter[image: image337.png]


:

(21) 
[image: image339.png]


,

(22)
[image: image341.png]x(7(8)) = £(6)



,

where[image: image343.png]


and[image: image345.png]


are vectors,[image: image347.png]


a vector-valued function,[image: image349.png]


denotes the initial time, and[image: image351.png]


the initial point of the state variable[image: image353.png]


.  The functions[image: image355.png]


,[image: image357.png]


, [image: image359.png]


 are all continuously differentiable.  Further,[image: image361.png]


,[image: image363.png]


,[image: image365.png]


, etc., are (partial) derivatives, and[image: image367.png]F(x,0) = F(x)



, [image: image369.png]{0




, etc.  It is assumed that a fixed interval of time [image: image371.png]


 is given and that

(23)
[image: image373.png]to <T(6) <t




LEMMA 1 (Peano):  Suppose that a solution[image: image375.png]x(t)



of (21) and (22) in which[image: image377.png]


exists on the entire interval[image: image379.png]


:

(21a)
[image: image381.png]£(t) = F(x(t))



,
[image: image383.png](ter)



,
(22a)
[image: image385.png]x(1) =¢



.

Then, there exists a positive number, say[image: image387.png]


, for which the following is true:


(i)  For each[image: image389.png]616l < &)



, a unique solution[image: image391.png]x(t.8)



of (21), (22) exists on[image: image393.png]


;

(22)
exists on [image: image395.png]


;


(ii)  For each[image: image397.png]6(l8l < 8)



and each[image: image399.png]t(teT)



, the following expressions exist and are continuous in[image: image401.png](t.6)



:

(24)
[image: image403.png]x(e8)
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[image: image405.png]


,

[image: image407.png]Fx(es) _ Fs(e8)
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.


(iii) The derivative [image: image409.png]Xo(t) = x4(t,0)



 satisfies the system of variational equations

(25)
[image: image411.png]¥5(t) = F.(x(£))x5(t) + Fo (x(2))



, on[image: image413.png]


,

and the initial condition

(26)
[image: image415.png]& —%(1)74
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xg(7)



.


Next, let[image: image417.png]h(x,6)



be a scalar-valued function.  We shall deal with a system of differential equations with discontinuities in the state variables specified in the following way:

(27)
[image: image419.png]


, 
if[image: image421.png]h(x.6) 20



,


    [image: image423.png]G(x.6)



,
if[image: image425.png]h(x,8) <0



,

(28)
[image: image427.png]x(7(8)) = £(6)



,

where[image: image429.png]


and[image: image431.png]


are vector-valued functions.  We assume that the functions[image: image433.png]


,[image: image435.png]


,[image: image437.png]


,[image: image439.png]


, and[image: image441.png]


are all continuously differentiable with respect to[image: image443.png](x.6)



or[image: image445.png]


.  We assume, for definiteness, that

(29)
[image: image447.png]r(£(0).0) = h(£) > 0



.

LEMMA 2: Suppose that a solution[image: image449.png]x(t)(teT)



of (27) and (28) for[image: image451.png]


 exists.  The function [image: image453.png]x(t)



 satisfies:

(30)
[image: image455.png]x(t)



is continuous on[image: image457.png]


, and

there exists a switching time[image: image459.png]s(to<s<ty)



such that


[image: image461.png]i(t) = F(xt)



,
(31)
[image: image463.png]R(x(£)) > 0



,
if[image: image465.png]


,

(32)
[image: image467.png]r(x(s)) =0



,

[image: image469.png]£(t) = G(x(t))



,
(33)
[image: image471.png]R(x(£)) <0



,
if[image: image473.png]s<t=t,



;
(34)
[image: image475.png]x(1) =¢



.
Suppose, further, that

(35)
[image: image477.png]he(x(5)) - F(x(s)) % 0



,


[image: image479.png]hye(x(s5)) - G(x(s)) = 0



,
where the dot denotes the inner product.


Then, there exists a positive number, say[image: image481.png]


, for which the following is true:


(i)  For each[image: image483.png]616l < &)



, there uniquely exists a switching time[image: image485.png]s(6)



and a solution [image: image487.png]x(t,6)



of (27), (28) on[image: image489.png]


.  The functions[image: image491.png]5(6)



,[image: image493.png]x(t.8)



satisfy:

(36)
[image: image495.png]#(t,6) = F(x(t.6).6)



,

[image: image497.png]h(x(t.6).6) >0



,
if[image: image499.png]to St <s(6)



;
(37)
[image: image501.png]h(x(s(6).6).6) =0



;
(38)
[image: image503.png]x(t.6) = G (x(t.6).6)



,

[image: image505.png]h(x(t.6).6) <0



,
if[image: image507.png]s@) <t=




;

(39)
[image: image509.png]x(1(6), 6) = £(6)



.


(ii)  For each[image: image511.png]616l < &)



 and each[image: image513.png]t(t €T.t = 5(6)



, the following derivatives exist and are continuous:

(40)
[image: image515.png]


,


[image: image517.png]Bee)
i(t,6) = 22



,


[image: image519.png]


,


[image: image521.png]c(c8) _ 2xtes)
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.


(iii)  The derivatives[image: image523.png]


and[image: image525.png]56.= 56(0)



satisfy:

(41)
[image: image527.png]¥4 (t) = E(x(£))x4(t) + Fo (x(£))



,
if[image: image529.png]


;

(42)
[image: image531.png]& —%(1)74
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;

(43)
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,
if[image: image535.png]s<t=t,



;

(44)
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;
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.

(iv)  The derivative

(46)
[image: image543.png]axs(6))
om0




 
exists and is given by

(47)
[image: image545.png]ax(s)
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      [image: image547.png](5 +0) - 55 +x5(5+ 0)



.


Figure 2 illustrates LEMMA 2.  It is noted that the formulas (41) through (45) are two successive initial-value problems of linear differential equations; a program capable to solve an initial-value problem of linear differential equations can also solve (41) - (45).  For, we may first solve (41) for[image: image549.png]()
Xg



on[image: image551.png](to.5)



given the initial condition (42).  From this we may compute[image: image553.png]xg(5—0)



, and hence[image: image555.png]


by means of (45).  Then, we may proceed to solve (43) for[image: image557.png]()
Xg



on[image: image559.png](s.ty)



given the initial condition[image: image561.png]0)
xa(s+



computed from (44).  (Note that the original solution[image: image563.png]x(t)



is regarded as fixed, during the time we are solving (41) - (45).)


Equation (47) provides a formula to compute the shift of the switching point[image: image565.png]x(s(6).8)



; the first term of the right side expresses its shift arising from the change in the switching time-point[image: image567.png]s(6)



and the second that arising directly from the change in the function[image: image569.png]x(t.6)



.

​IV. Comparative Dynamics


In Section II we formulated Pontryagin’s condition satisfied by a regular optimum solution[image: image571.png]z(t)



of a control problem into the system (18) - (20).  This system is a two-point boundary-value problem of ordinary differential equations possibly with discontinuities in the state variables.  In the present section we shall make use of LEMMA 2 of the previous section to present a set of conditions sufficient for the function[image: image573.png]2(t) = z(t,0)



to be differentiable with respect to[image: image575.png]


near[image: image577.png]


 and to obtain formulas to compute the derivative:

THEOREM 1.  Suppose that a unique (regular) solution[image: image579.png]z(t) (t, St =t,)



of (18) - (20) exists.  The function[image: image581.png]F(z,6)



is assumed continuously differentiable for all[image: image583.png](z.6)



such that[image: image585.png]


is near[image: image587.png]


and[image: image589.png]


is regular with respect to[image: image591.png]


.  The functions[image: image593.png]hi(z.6)



and[image: image595.png]¥i(z6)



are also continuously differentiable in neighborhoods of[image: image597.png](2(s;).0)



and[image: image599.png](2(t:).0)



, respectively.  Suppose further that the following conditions are satisfied by[image: image601.png]2(t)



:

(48)
[image: image603.png]hi(z(: +0) =
(5;))
F(z(s,
5
0
))
0





[image: image605.png]



(49)
[image: image607.png]


,

where[image: image609.png]


is a[image: image611.png](2n.2n)



-matrix,[image: image613.png]A°




and[image: image615.png]At =yieyi



are[image: image617.png](n.2n)



-matrices,[image: image619.png]: = Pi(z(t)



is the derivative of[image: image621.png]¥i(z8)



with respect to[image: image623.png]


at[image: image625.png](2(t).0)



,[image: image627.png]


is a[image: image629.png](2n.2n)



-matrix to be defined later by (66), and[image: image631.png]141



is the determinant of[image: image633.png]


.


Then, there exists a positive number, say[image: image635.png]


, for which the following is true:


(i)  For each[image: image637.png]616l < &)



, there uniquely exists a switching time-points[image: image639.png]


 and a unique regular solution[image: image641.png]2(t.6)



satisfying

(50)
[image: image643.png]F(z(t.6).6)




for all [image: image645.png]t = 5;(6)



,
(51)
[image: image647.png]ri (z(s;(6).6).6) = 0)



  [image: image649.png]


,

(52)
[image: image651.png]Wi (2(t,6).6)





     [image: image653.png](i =01)



.


(ii) The derivatives

(53)
[image: image655.png]i =56 (0 = 5550 |,_,



 
(54)
[image: image657.png]26(8) = 25(,0) = & 2(6.0) oo



 [image: image659.png](t =s;)



,

(55)
[image: image661.png]22(s) = £2(5;0).6) oo




exist and satisfy

(56)
[image: image663.png]26(t) = F(2(2)) - 2o(t) + Fo (2(1)) (t #5;)




(57)
[image: image665.png]


,

(58)
[image: image667.png]z6(5; +0) = z4(s; = 0) — 56 - [2(5; + 0) — 2(5;— 0)]



,

(59)
[image: image669.png]



(60)
[image: image671.png]#(s;£0)- 550+ 2(s; £ 0)




 [image: image673.png]


,

where

(61)
[image: image675.png]=[] =[#24





is a[image: image677.png](2n)



-vector,[image: image679.png]Bi =iyl + ¥l



is an[image: image681.png]


-vector,[image: image683.png]


is the derivative of[image: image685.png]¥i(z6)



with respect to[image: image687.png]


at[image: image689.png](2(t).0)



and[image: image691.png]


is a[image: image693.png](2n)



-vector to be defined later by (66).


Some comments on this theorem follow.  First, the assumption of continuous differentiability of[image: image695.png]F(z,6)



will be satisfied if the derivatives[image: image697.png]fe



, [image: image699.png]fu



, [image: image701.png]fo



, [image: image703.png]fex



, [image: image705.png]feu



, [image: image707.png]fes



, [image: image709.png]


, [image: image711.png]


, [image: image713.png]@y



, [image: image715.png]f2.



, [image: image717.png]


 and [image: image719.png]


 exist and are continuous (see (17), (8), (15)); we need the second-order derivatives to obtain[image: image721.png]


and[image: image723.png](t)
EX



.  This resembles the case of simple maximization shown in (2).


Second, assumptions similar to (48) appeared in LEMMA 2 previously (see (35)).  We need (48) and (49) for the sake of regularity (not in the sense defined in Section II but in the general sense).  If (48) does not hold, then it is possible that the number of switching time-points[image: image725.png]


 changes when[image: image727.png]


varies near[image: image729.png]


or even that the optimum solution[image: image731.png]2(t.6)



is no more regular (in the sense defined in Section II) for a small[image: image733.png]


.  If (49) is not satisfied, then it is possible that[image: image735.png]2(t.6)



is no more unique for a small[image: image737.png]


so that the derivative[image: image739.png]()
EX



may be undefined.  We, however, know that usually these singularities do not arise in applications.  In simple maximization (2), a regularity condition[image: image741.png](Ifix| = 0)



 was required.


Third, the formulas (56) through (59) are regarded as a succession of [image: image743.png](q+1)



 initial-value problems of linear differential equations.  Comments like those immediately after LEMMA 2 may be mentioned here on (56) - (60).

PROOF OF THEOREM 1:


We shall prove the theorem for the case[image: image745.png]


by using LEMMA 2.  A proof for the case[image: image747.png]


(no switching) may be obtained simply by replacing LEMMA 2 in the proof below with LEMMA 1 and eliminating all statements concerning switchings.  A proof for the case[image: image749.png]q>1



 (multiple switchings) may be obtained first by extending LEMMA 2 to the case of multiple switchings (this is easy; all we need to do is to use LEMMA 2 successively[image: image751.png]


times) and then by applying the result thus obtained to the theorem in the same way as shown below for the case[image: image753.png]


.


Thus, for the rest of the proof we assume that[image: image755.png]


.  For simplicity we write[image: image757.png]


,[image: image759.png]5,(6) = s(6)



,[image: image761.png]


, etc.


We now proceed to prove the theorem for the case[image: image763.png]


.  First of all, choose any [image: image765.png]


 at which the optimum is regular.  Then, from LEMMA 2 and the assumptions of the theorem ((18), (19), (48), and others), we can assert that there exist functions[image: image767.png]a(1.6)



and [image: image769.png]y(t.n.6)



satisfying

(62)
[image: image771.png]


,

(63)
[image: image773.png]


,

(64)
[image: image775.png]h(y(o(n.6).7.6).6) =0



,

where[image: image777.png]


is a[image: image779.png](2n)



-vector (state variables),[image: image781.png]


a[image: image783.png](2n)



-vector representing the initial value for[image: image785.png]


 (parameters), and[image: image787.png]


a number (a parameter).  The assertion above can be shown by applying LEMMA 2[image: image789.png](2n+1)



-times for the[image: image791.png](2n)



components of[image: image793.png]


and[image: image795.png]


, each being successively substituted for the parameter[image: image797.png]


of LEMMA 2.  Furthermore, LEMMA 2 shows that the derivatives
(65)
[image: image799.png]oy = 30(2(2).0)



,
        [image: image801.png]% = Z0(z(2).0)



,

(66)
[image: image803.png]HOEFSICEIOND



,


[image: image805.png]Va(t) = £y (6.2(2),0)




[image: image807.png](t =5)




exist and satisfy

(67)
[image: image809.png]7o () = E(2()) - v, (2)



 
[image: image811.png](t =5)




[image: image813.png]yp(®) =1



,

[image: image815.png]_ hale) sz

7 = )z



,

[image: image817.png]yp(s+ 0) = y,(s —0) — [y(s + 0) — (s — )],



;

(68)
[image: image819.png]76(t) = E(z(£)) - v(t) + Fo (2(£))




[image: image821.png](t =5)



,

[image: image823.png]ye(to) =



,

[image: image825.png]g, = M) 3ats 20
e = ) o)




[image: image827.png]ye(s+0) = yg(s—0)—

y(s + 0) —y(s — 0)]og



;

where[image: image829.png]


is considered as a[image: image831.png](2n)



-vector,[image: image833.png]


as a scalar,[image: image835.png]Vo)



as a[image: image837.png](2n.2n)



-matrix,[image: image839.png]ys(t)



as a [image: image841.png](2n)



-vector, and[image: image843.png]


is an identity matrix.


Let us next turn to the conditions (20).  For simplicity, we shall write as

(69)
[image: image845.png]i = Pi(z(t)



,[image: image847.png]


,


[image: image849.png]yi = vy (t:)



,[image: image851.png]


, etc.

Then, by (20), (49), and the implicit function theorem, a continuously differentiable [image: image853.png](2n)



-vector- valued function[image: image855.png]n(6)



satisfying
(70)
[image: image857.png]Wi(y(t.n(6).6)8) = 0




[image: image859.png]a

0.1)




exist for[image: image861.png]


sufficiently small, and satisfies

(71)
[image: image863.png]s = 1(0)



,

where

(72)
[image: image865.png]76 (0) =22

@ Jo=o.




The derivative (71) may be obtained by differentiating (70) with respect to[image: image867.png]


and then setting [image: image869.png]


equal to[image: image871.png]


.


Now define

(73)
[image: image873.png]5(6) = o(1(6).6)



,


[image: image875.png]


.

Then, substitution of (73) into (62), (64), and (70) yields (50) - (52). We have thus shown that a solution of (50) - (52) exists for [image: image877.png]


 sufficiently small.


Next we shall show that this solution is unique.  Let[image: image879.png]s(6)



and[image: image881.png]2(t.6)



be an arbitrary solution of (50) - (52).  Define[image: image883.png]n(6)



by

(74)
[image: image885.png]1(6) = z(z. 6)



.

Then, (73) must hold, since the pair[image: image887.png]s(6)



,[image: image889.png]2(t.6)



satisfies the system (50), (74), (51), and the pair[image: image891.png]a(n(6).6)



,[image: image893.png]y(t.n(6).6)



satisfies the system (62) - (64) with[image: image895.png]


replaced by[image: image897.png]n(8)



, and these two systems are identical.  (Note that the solutions of these system are unique by LEMMA 2 and the assumption (48) of the theorem.)  If we substitute the second equation of (73) into (52), then we know that the function[image: image899.png]n(6)



is determined uniquely by the implicit function theorem and the assumption (49) of the theorem.  We then conclude that the solution[image: image901.png]s(6)



and[image: image903.png]2(t.6)



is uniquely determined by (50) - (52).  This completes proving the first part of the theorem.


Proving the second part is straightforward.  Since the right sides of (73) are differentiable with respect to[image: image905.png]6(t = s(6))



(see (65), (66), and (71)), so are the left sides.  Differentiation of (73) then yields (putting[image: image907.png]


)

(75)
[image: image909.png]5S¢ = 0,7 + 0



,


[image: image911.png]26 () = Yy (£ + y5(t)




[image: image913.png](t =5)



,

so that

(76)
[image: image915.png]26(t) = Yy ()M + 5(t)




[image: image917.png](t =5)



.

If we multiply (67) by[image: image919.png]


, add this to (68), and use (75) and (76), then we obtain (56) through (59).  Equation (60) can be proved in an analogous way.



(QED)


We have thus obtained the formulas for computing the derivatives[image: image921.png]


and[image: image923.png](t)
EX



.  It is straightforward (though tedious) to write down the equation (56) in terms of the original notation[image: image925.png]fxu6)



,[image: image927.png]£o(x.u.6)



, and[image: image929.png]u(p.x,6)



(see (17), (15), and (8)).  In applications, however, it is easier to differentiate (50) directly with respect to[image: image931.png]


and to put[image: image933.png]


than to refer to the formula of (56) stated in terms of the original notation.


In the foregoing discussions the original control problem was of the type of variable end-points; the end and the transversality conditions were expressed by (20).  In the following, we shall consider two special cases:


(a) The initial point of the state variable is fixed at a point determined by the parameter, and the end point is left free:[image: image935.png]¥°(z.6) =¥ (p.x.6) = x — 9(6)



, and[image: image937.png]Yi(z.6) =Y




.  The conditions (20) become

(20a)
[image: image939.png]x(to.6) — @(8) =0



,


[image: image941.png]p(t..6) = 0



.

where[image: image943.png]


is an [image: image945.png]


-vector-valued function of[image: image947.png]


, which is smooth near[image: image949.png]


.  Let us put

(54a)
[image: image951.png]2o(t) = (p3 (8) x3(1))




[image: image953.png](t =5)



,

(63a)
[image: image955.png]


,[image: image957.png]


,
(66a)
[image: image959.png]=[P

ZCREsE)



,


[image: image961.png]ve(t) = (pa(t) x6(t))




[image: image963.png](t =5)



.

We then obtain


[image: image965.png]=[P e



,
[image: image967.png]7= [reg)




,

so that the regularity condition (49) and the initial condition (57) for this case can be written as

(49a)
[image: image969.png]P ()= 0



,
(57a)
[image: image971.png]P (t) = —pe(t) - (pe(t)0a + p(t.))



,

[image: image973.png]x3(to) = @s



,
where[image: image975.png]


is the derivative of[image: image977.png]


at[image: image979.png]


.


(b) The initial and the terminal values of the state variables are completely determined by the parameter:[image: image981.png]Yi(z6) =¢i(p.x.0) =x— ¢'(8) (i=01)




, say.  For this case, we obtain


[image: image983.png]A= [x,?t,) ng:,)]



, 
[image: image985.png]-03 ]
() — 0}



,

and hence

(49b)
[image: image987.png]% (t;)] =0



,
(57b)
[image: image989.png](x:(t )@l +x4(t.) — 03)



,

[image: image991.png]x3(to) = ¢



.
V. Sensitivity of the Objective Function


In this section, we shall examine the effect of the parameter on the maximized value of the objective function.  To do this, we compute the derivative of (3) or (3a) with respect to θ at θ= 0:

(77)
[image: image993.png]ve = ve(t) = Hu(ta) |,



.
If the derivatives[image: image995.png]()
Xg



and[image: image997.png]ps(t)



have already been obtained by means of the comparative dynamics as explained in the previous section (for simplicity, we write[image: image999.png](t)
Xg



,[image: image1001.png]ps(t)



for[image: image1003.png]x5(t)



,[image: image1005.png]pa(t)



, respectively), we may calculate (77) directly by differentiating (3) (Note that[image: image1007.png]ps(t)



,[image: image1009.png]()
Xg



and[image: image1011.png](t)
Ug!



 exist on[image: image1013.png](to.ty)



except at a finite number of points.):

(78)
[image: image1015.png]vs = [ R (6)xa(8) + £ (Dhus(8) + £ (0))at



,
where[image: image1017.png]£200) = £2(x(®).u®)



,

[image: image1019.png]2o(8) = (D, KO 0 + 1, (. 2o (1) + 222



 
(see (15)), etc.  In the following, we shall abbreviate arguments of a function as done above.


It is possible to obtain, from Pontryagin’s condition, further properties of the derivative[image: image1021.png]


.  In order to do this, define

(79)
[image: image1023.png]w(t) = H, (Dug() + Ho(t)



 
[image: image1025.png](t =s;)





[image: image1027.png]w(t) = I}, w(ds



.
We shall prove

THEOREM 2:
If the condition assumed for THEOREM 1 is satisfied,

then


[image: image1029.png]ve(ts) = p(to)xg(to) — p(ty)xg(ty) + W(E)



.
Furthermore, the term[image: image1031.png]p(t:)xq(t;)



vanishes, if the function[image: image1033.png]


in the end condition (6) of the original control problem is independent of[image: image1035.png]


:[image: image1037.png]@i(x.6) = ¢'(x)



, say.

PROOF:
Differentiation of (7) with respect to[image: image1039.png]


yields

(81)
[image: image1041.png]vg(t) = f2(E)xg(t) + £2 (Dug(t) + f2(2)




[image: image1043.png](t =s;)



.

In view of (17), we write down the second half of (56):

(82)
[image: image1045.png]%e(t) = fe()xg(£) + £, (Dug () + fo(t)



.
[image: image1047.png](t =s;)




The auxiliary equation (11) is (see (8))

(11a)
[image: image1049.png][£2(2) + p(8) £ (£)]





[image: image1051.png](t =s;)



.

Forming [image: image1053.png][(81) + p(t) - (82) + (11a) - x4(8)]



and using (8), (79), we get

(83)
[image: image1055.png]2 (ve(6) + P()3()) = w(t)




[image: image1057.png](t =s;)



.

We then obtain (80) by integrating (83) over[image: image1059.png](to.ty)



, since[image: image1061.png]=0
vg(te)



(see (7)).


Next, assuming that[image: image1063.png]


is independent of[image: image1065.png]


, we write down (6):

(6a)
[image: image1067.png]o (x(t.6)) =0



.
Differentiate (6a) with respect to[image: image1069.png]


and set[image: image1071.png]


, obtaining

(84)
[image: image1073.png]i(x(t))xs(t)



.
This implies that the vector[image: image1075.png](t)
Xg



is orthogonal to the row vectors of[image: image1077.png]@i(x(t))



.  In view of (12), we conclude that[image: image1079.png]p(tdxe(t) =



.




(QED)


Equation (80) states that[image: image1081.png]


is the sum of three terms, the first and the second being the derivative[image: image1083.png](t)
Xg



multiplied by the auxiliary variable[image: image1085.png]p(t;)



and the third[image: image1087.png]wi(t,)



.  Since[image: image1089.png]w(ty)



is obtained from the Hamiltonian (see (79)), which is also the product of the functions[image: image1091.png]


,[image: image1093.png]


 with[image: image1095.png]p(t)



, we can recognize that a role of the auxiliary variables[image: image1097.png]p(t)



is to relate the state variables to the objective function.


Furthermore, let[image: image1099.png]


be the[image: image1101.png]


-th component of the vector[image: image1103.png]


.  If we assume that

(85)
[image: image1105.png]x*(to) = 6




for the end condition (6) for[image: image1107.png]


, and that (85) is the only place that the parameter[image: image1109.png]


appears in the control problem, then (80) yields

(86)
[image: image1111.png]ve = p*(t,)



,
since the last two terms of the right side of (80) vanish.  Thus, we have shown:
COROLLARY:
if the condition assumed for THEOREM 1 is satisfied, then

(87)
[image: image1113.png]o
Zh = Pt




[image: image1115.png]


,

where the derivative takes into account all the adjustments needed to keep the solution optimal.  Similarly,

(88)
[image: image1117.png]



 [image: image1119.png]


,


The property (87), (88) is well known;[image: image1121.png]p(t)



is interpreted to be the marginal contribution of the state variables to the objective function.  It is not true, however, that this property holds without qualification.12  The corollary above shows a sufficient condition for (87), (88).

VI. An Example (Comparative Dynamics in a Model of Optimal Capital Accumulation)


In the present section, we shall attempt to show how the comparative dynamics developed in the previous sections can be used for economic analyses.  A standard model of optimal capital accumulation developed by Cass [3] will be used as an example.13  For short, we shall follow his notation and avoid repeating the definition of variables.


To begin with, write Pontryagin’s condition for the model of Cass:14
(18c)
[image: image1123.png]


,

[image: image1125.png](k) — c(q)




,
(20c)
[image: image1127.png]k(0) = k°, k(T) = k7



,
where[image: image1129.png]u' (c(g);




.  For simplicity, it is assumed that[image: image1131.png]


and that[image: image1133.png]


throughout the planning period[image: image1135.png](.7)



 (i.e., no switching).


We shall consider the discount rate[image: image1137.png]


as the parameter.  We then write:[image: image1139.png]q=q(t.6)



,[image: image1141.png]k = k(t.6)



,[image: image1143.png]


, etc.  In view of (57b) appearing at the end of Section IV, we know that we need[image: image1145.png]kgo(T)



 and[image: image1147.png]ks(T)



,[image: image1149.png]q(0) = ¢°



.  To do this, let us differentiate (18c) and (20c) with respect to[image: image1151.png]


to obtain

(67c)
[image: image1153.png]P



, 【NOTE: needs confirmation: the first[image: image1155.png]-t



?】

[image: image1157.png]g (0) =1



,[image: image1159.png]kgo(0) =0



.
The sign of each element in the matrix appearing in (67c) is determined from Cass’s assumption as follows:15

[image: image1161.png]AR HIE



.
To investigate the path of[image: image1163.png]qge(t)



 and[image: image1165.png]kg (t)



, we construct a phase diagram (see Figure 3).  Each arrow in the phase diagram indicates a possible direction of the path.  Since the path starts at a point on the upper half of the vertical axis, it is clear from the diagram that 

(89)
[image: image1167.png]g () > 0,kgs(£) > 0



for all[image: image1169.png]


.

Following a similar method, we obtain

(68c) 
[image: image1171.png]-0 e



 


[image: image1173.png]=[} 1[0



;

[image: image1175.png]q5(0)=0,k5(0) =




.
From this and a phase diagram (see path A in Figure 4), we conclude that

(90)
[image: image1177.png]a5(t) > 0.ks(t) >0



for all[image: image1179.png]


.
Then, (57b), (89), and (90) yield

(57c) 
[image: image1181.png]


,

[image: image1183.png]k:(0) =




.
In addition, since[image: image1185.png]k*(T.6;

kT



,
(91)
[image: image1187.png]k(1)




.

Let us finally consider variational equations for[image: image1189.png]q3(t)



and[image: image1191.png]ki(t)



(which is a special case of (56)).  In fact, these equations are obtained by substituting[image: image1193.png]


and[image: image1195.png]


into (68c).  We may use Figure 4 to describe the path of[image: image1197.png]q3(t)



,[image: image1199.png]k3(t)



.  In view of the end conditions (57c), (91), we know that the path must start at a point on the lower half of the vertical axis, and must terminate at a point on the upper half of it.  Hence, it stays within the second and the third quadrants.  It is seen that the path may cross the horizontal axis more than once, but never the vertical axis.  Path B in Figure 4 is a typical one.


From the above consideration, we can conclude that 

(92)
[image: image1201.png]ki(t) <0



, for all[image: image1203.png]


,


[image: image1205.png]c3(t) = ¢'(g(®)- qz(H) >0



for small[image: image1207.png]


,



             [image: image1209.png]<0



for large[image: image1211.png]


,
summarizing the effect of a change in[image: image1213.png]


on the optimum path.

APPENDIX

Proof of LEMMA 2

1.  Let[image: image1215.png]x(t)



and[image: image1217.png]


be given as stated in the first part of the LEMMA.  We may extend the solution[image: image1219.png]x(t)



of (31) slightly beyond the switching time[image: image1221.png]


;16 i.e., there exists a number[image: image1223.png]


and a function[image: image1225.png]y(t)



defined on[image: image1227.png][0.5%]



such that

(A1)
[image: image1229.png]s<st<l



,
(A2)
[image: image1231.png]y(t) = x(t)



,
on[image: image1233.png][0.5]




(A3)
[image: image1235.png]y(t) = F(y(2))



, 
on[image: image1237.png][0.57]



,

[image: image1239.png]y(r) = ¢



.

Likewise, for the solution[image: image1241.png]x(t)



of (33), there exists a number[image: image1243.png]


and a function[image: image1245.png]z(t)



defined on the interval[image: image1247.png][s21]



such that

(A4)
[image: image1249.png]0<s2<s



, 

(A5)
[image: image1251.png]2(t) = x(t)



, 
on[image: image1253.png][s.1]



,
(A6)
[image: image1255.png]6(z(2))




,  
on[image: image1257.png][s2.1]



,

[image: image1259.png]2(s) = x(s)



.

2. Consider the system of differential equations

(A7)
[image: image1261.png](.6)




,
on[image: image1263.png][0.57]



,
and the initial condition

(A8)
[image: image1265.png]y((8)) = &(6)



.

Then, LEMMA 1 and the construction of the solution[image: image1267.png]y(t)



 by (A3) immediately yields that, for a sufficiently small[image: image1269.png]


, the solution[image: image1271.png]y(t(6))



of (A7), (A8) exists uniquely on the interval[image: image1273.png][0.5%]



and satisfies (i), (ii), (iii) of LEMMA 1 with[image: image1275.png]


, T replaced respectively by[image: image1277.png]


,[image: image1279.png][0.57]



.

3. Let us next consider the equation

(A9)
[image: image1281.png]h(y(0.6).6) =0



,
where[image: image1283.png]


is an unknown variable.


Since we have [see (32), (A2)]

(A10)
[image: image1285.png]


,
and [see (35)]

(A11)
[image: image1287.png]BOEDD | = hx(©) - F) =0
!





it follows from the implicit function theorem that, for a sufficiently small[image: image1289.png]


, there exists a function[image: image1291.png]s(6)



such that

(A12)
[image: image1293.png]


,
(A13)
[image: image1295.png]h(y(s.(6).6).6) =0



,
(A14) 
[image: image1297.png]s(6)



is continuously differentiable.

Differentiation of the identity (A13) with respect to[image: image1299.png]


at[image: image1301.png]


 yields [see (35)]

(A15)
[image: image1303.png]NN FRENED)
e 1 (y(5))-505)




Furthermore, we have in view of (A1), (A4),

(A16)
[image: image1305.png]52 < s(f) < 5°



,
for a sufficiently small[image: image1307.png]


.

4. We shall next show that, for a sufficiently small[image: image1309.png]


,
(A17)
[image: image1311.png]h(y(t.6).6) >0



, if[image: image1313.png]to St <s(6)



.

For, suppose, on the contrary, that, for each[image: image1315.png]


converging to[image: image1317.png]


, there exists a[image: image1319.png]th



such that 

(A18)
[image: image1321.png]0= ¢! <s(6)



,
(A19)
[image: image1323.png]r(y(t:, 67),6) = 0



.
Since[image: image1325.png]h(y(0,0).0) > 0



[see (31)], we have[image: image1327.png]h(y(0.69).6) >0



for a sufficiently small[image: image1329.png]


.  Since[image: image1331.png]h(y(t.69).69)



is continuous in[image: image1333.png]


, we may redefine[image: image1335.png]th



so that inequality (A18) and

(A20)
[image: image1337.png]r(y(t'69).6) =0




hold for all[image: image1339.png]


.  The range of[image: image1341.png]¢



, as being contained in[image: image1343.png]


, is bounded, so that we may choose a converging subsequence.  Let us once more redefine[image: image1345.png]th



to be such a converging subsequence and denote its limit by[image: image1347.png]


.  Passing to the limit of inequality (A18) [see (A12), (A14)], we have exactly two alternatives:[image: image1349.png]t'<s



, or[image: image1351.png]


.  But if[image: image1353.png]t'<s



, (A20) implies that[image: image1355.png]h(y(t*,0),0) = h(x(t*)) = 0



, a contradiction to (31).  Hence, let[image: image1357.png]


.  In view of (A13), we have[image: image1359.png]h(y(s. (67)67).61) =0



.  Then, (A20) and the mean value theorem yield that 
(A21)
[image: image1361.png]r(y(s. (69)69).6°) — h(y(t'.6%).6°)






[image: image1363.png][
T oot



,
where[image: image1365.png]ti <ot < s(6°)



.  Since[image: image1367.png]ti=5s(89)



[see (A18)], (A21) implies that

(A22)
[image: image1369.png]ablene) = m((e0,6): Fi(e89.69 =0



.

We then obtain, taking the limit of (A22),

(A23)
[image: image1371.png]he(¥(5.0),0) - F((5,0),0) = h,(x(s))- F(x(s)) = 0



,

which contradicts to the assumption (35).  Therefore, inequality (A17) holds.

5. Let us next consider the system of differential equations

(A24)
[image: image1373.png]


,
on[image: image1375.png][s2.1]



,

with the initial condition

(A25)
[image: image1377.png]2(s(6)) = y(s(6).6)



.

For a sufficiently small[image: image1379.png]


,[image: image1381.png]y(s(8).6)



is continuously differentiable with respect to[image: image1383.png]


.  Furthermore,[image: image1385.png]z(t)



is the solution of (A24), (A25) on the interval[image: image1387.png][s21]



when[image: image1389.png]


[see (A6)].  Therefore, all the assumptions of LEMMA 1 are again satisfied when[image: image1391.png]


,[image: image1393.png]


,[image: image1395.png]7(6)



,[image: image1397.png]£(6)



,[image: image1399.png]


of LEMMA 1 are replaced respectively by[image: image1401.png]


,[image: image1403.png]


,[image: image1405.png]s(6)



,[image: image1407.png]y(s(6).6)



,[image: image1409.png][s2.1]



.  Then, we may state that, for a sufficiently small[image: image1411.png]


, the solution[image: image1413.png]2(t.6)



of (A24), (A25) exists uniquely on the interval[image: image1415.png][s21]



and satisfies (i), (ii), (iii) of LEMMA 1.  In particular, (22a) becomes

(A26)
[image: image1417.png]z(s(6).6) = y(s(6).6)



.

Also, we obtain, in view of (A25), (26),

(A27)
[image: image1419.png]z5(5) = [ye(s) + y(s)sg] — 2(s)sg



.


Furthermore, it can be shown, as was done in 4., that, for a sufficiently small[image: image1421.png]


,
(A28)
[image: image1423.png]h(z(t.6).6) <0



, if[image: image1425.png]s(@) <t=




.
6. Let us now choose a sufficiently small[image: image1427.png]


for which all the foregoing constructions are valid.  Let us define [see (A26)]

(A29)
[image: image1429.png]


,
[image: image1431.png](to =t < 5(8))



,


[image: image1433.png]x(s(6).6) = y(s(8).6) = z(s(6).6)



,


[image: image1435.png]


,
[image: image1437.png](s(@<t=




,

for each[image: image1439.png]


such that[image: image1441.png]161 <8



.  We then conclude that the number[image: image1443.png]


and the functions [image: image1445.png]5(6)



,[image: image1447.png]x(t.8)



satisfy (i) - (iv) of LEMMA 2.

Note that

(A30)
[image: image1449.png]


,

[image: image1451.png]xg(s— 0) = yg(s)



,


[image: image1453.png]


,


[image: image1455.png]xg(s + 0) = z4(s)



,

and that (44) and (45) can be derived from (A27), (A15), (A30), and (43).


Finally, the two derivatives

(A31)
[image: image1457.png]o0
PRI ORENe





[image: image1459.png]669

08 = s+ 25(6)



,
are defined and coincide [see (A27)].  Equations (A29), (A30), then lead one to (46), (47) immediately.







(QED)
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� See, e.g., Koopmans [6], pp. 119-122, a graphical approach to comparative dynamics in a model of optimal economic growth.  Cass [3], p. 844, also dealt with a comparative dynamics in optimal growth.  Jorgenson [5], pp. 147-151, stated a method for comparative dynamics in investment theory.  Oniki [7] and [8] made extensive use of the method of this paper for problems of optimal growth and human investment, respectively.  Outside the economics literature, Barriere [2] set forth investigating the present subject.  His viewpoint, however, is narrower than ours:  first, he analyzed the effects on the objective function only, while ours covers those on the optimum control and the state variables as well; second, he did not state any condition sufficient for the objective function to be differentiable with respect to a parameter, while ours does.


� In fact, the maximum principle contains more than what is supplied by the first-order condition in calculus of variations.  In this paper, however, we do not use the implications of the maximum principle beyond those expressed in terms of first-order derivatives.


� LEMMA 1 of Section III.


� Cass [3] used this theorem for comparative dynamics (his footnote 5).  In his case, however, the optimal control is continuous in state variables; the difficulty stated in the text does not arise there.


� Formally speaking, the assumption that the differential equations are autonomous in not restrictive, since a non-autonomous system can always be converted into an autonomous system by introducing an additional state variable:� QUOTE � ���, say.


� For simplicity we assume that the constraints on controls are fixed so that� QUOTE � ���in (6) is independent of� QUOTE � ���.  The main results of the paper will continue to hold if� QUOTE � ���is replaced by� QUOTE � ���(with appropriate modifications, some of which be mentioned later in footnotes).


� See Pontryagin [9], pp. 66-69, 189-191.  If the time-horizon is infinite so that� QUOTE � ���, then we assume that � QUOTE � ��� exists.  (Similarly, for the case� QUOTE � ���.)  Furthermore, an optimum solution of the infinite-horizon problem might not satisfy Pontryagin’s condition (see Arrow and Kurz [1], p. 46).  In the following, we exclude such cases from our consideration.


� If the function g depends not only on� QUOTE � ���but also on� QUOTE � ���, then (9) is modified accordingly, and (10) is replaced by� QUOTE � ���, where� QUOTE � ���is the Lagrangian multipliers associated with� QUOTE � ���in (9).  With these modifications, the discussions through Section IV will continue to hold.


� The situation explained in the text may arise even in the simple maximization problem discussed in Section I.  Figures a and b illustrate.  The function� QUOTE � ���has two local maxima near� QUOTE � ���and� QUOTE � ���(Figure a).  The overall maximum� QUOTE � ���is given by� QUOTE � ���if� QUOTE � ���and by� QUOTE � ���) if� QUOTE � ���(Figure b).  One needs to combine the derivatives of� QUOTE � ���and� QUOTE � ���, each being computable as in (2), in order to describe the shift of the optimum near� QUOTE � ���.


� For proof, see Pontryagin [10], pp. 170-177, 194, 198, or Hartman [4], pp. 93-94, 95-100.


� For proof, see the Appendix.


12 For a counterexample, see Pontryagin [9], p. 73.


13 The method presented in this section was once introduced by Oniki [7].


14 See Cass [3], pp. 837-838.


15 See, ibid., pp. 834-835.


16 See, e.g., Pontryagin [10], pp. 163-166.
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