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I. INTRODUCTION AND BACKGROUND
The purpose of this paper is to propose a method for measuring the cost of communication in alternative economic systems allocat​ing scarce resources.  An economic system, particularly if large and complex, needs some internal communication in order to find desir​able allocations, since relevant economic knowledge is dispersed among its members (individual agents).  Information transmitted for this purpose may be of various kinds and differs among different systems.  It is possible, however, to measure the amount of trans​mitted information by using a certain unit and to compare the cost of communication among different systems.  To do this, we use cer​tain results obtained in communication theory.
  In this paper we first introduce a method for approximating economic data in order to make it possible to apply communication theory to our problem.  We then compute the cost of communication in economic systems using a price mechanism and the cost in systems under centralized control, limiting our attention to a simple problem of resource alloca​tion.

The cost of communication is one element of transaction or organizational costs (costs of running economic systems), as distinct from “real” or substantive costs (costs of production, transporta​tion, etc.)
  The need for a theory of transaction costs arises from the fact that the overall efficiency and viability of the economic system depends not only on its performance but also on the amount of resources devoted to its operation.
  The existence of transaction costs has long been recognized, if only from limited studies relating to particular problems.
  The fact that transaction costs must exist with any mode of allocation was recently stressed by Arrow and Hurwicz.


An important subclass of transaction costs is informational costs of decision making, of which a comprehensive investigation was made by J. Marschak.
  He pointed out that the process of decision making could be regarded as a sequence of transformations of one type of information into another; he then identified, among others, three major “transformers”: inquiring (data collection), communi​cating (message transmission), and deciding (computation).  Informational costs may be attached to each of these transformers.

In this paper we limit our attention to the cost of communica​tion because we can compute it by using communication theory, while no such theory is yet available for computing other informa​tional costs.  We deal with systems of two firms solving a simple problem of resource allocation.  Suppose that each firm possesses technology for producing an output commodity from an input com​modity and that the total supply of the input commodity is fixed.  The problem is to allocate the input commodity between the two firms efficiently, that is, to maximize the total output.  This, of course, is done by equating marginal products between the firms.  However, suppose that each firm knows its own technology but nothing of the other firm’s technology or of the total supply of input.  Suppose further that there is a central agent who knows the total amount of the input but not the technology of the firms.  The problem is then how the firms and the central agent coordinate them​selves to find efficient allocations.  The problem of economic organ​ization here is to devise a set of behavior rules for the three agents such that by following the rules they may find efficient allocations.
  We shall study two systems.  The first is a centralized system in which each firm informs the central agent what its technology is, once and for all, and lets the latter do necessary calculations.  The second is the ordinary price mechanism that follows the law of supply and demand; the central agent is an auctioneer and adjusts prices until equilibrium is reached.  In each system economic data are transmitted between the central agent and the firms.  The data may consist of prices, quantities of a commodity, or knowledge about production technology.  The cost of communication is attached to each transmission of economic data.

 Major difficulty in measuring the cost of communication arises from the fact that the cost depends on the accuracy of communica​tion.  (This, indeed, is true not only for communication but also for informational activities in general.)  Of course, if the accuracy is higher, or equivalently, if errors are smaller, the cost will be greater.  The accuracy of decision on resource allocation is also affected by the accuracy of communication: the former depends on the accuracy of messages received, which in turn depends on the accuracy of messages sent and on the accuracy of the channel transmitting messages.  It seems almost impossible to investigate the relations among all these factors in full generality.
  Here we consider the problem with the following simplification.  First, we ab​stract from specifying a particular channel by using a major result in communication theory: the amount of information to be trans​mitted may consistently be defined independently of channels.
  Second, we introduce certain methods for approximating economic data and assume that the approximate data thus introduced com​monly be used for communication and decision making.  The degree of accuracy for this approximation is treated as an exogenously given parameter.
  Such simplification together with certain addi​tional assumptions makes it possible to compute the cost of com​munication explicitly and to compare alternative economic systems with respect to the cost.
Our results suggest that the relative magnitude of the cost of communication in the two systems depends on the accuracy of ap​proximation.  If high accuracy is required, then the cost of com​munication in the price mechanism will be much lower than the cost in the centralized system; this is an expected result.  On the other hand, however, if one is satisfied with rather low accuracy, then the reverse may be the case.
Since the scope of the paper is admittedly limited, we do not intend to provide any overall evaluation of the two systems.  How​ever, we do intend to present methods that might be useful for studying informational costs of decision making.  For instance, the way in which we approximate economic data may be applicable to analyzing “information transformers” other than communication.
The problem of economic organization, of which this paper deals with a special subject, has been investigated from a number of different aspects.  Arrow suggested the existence of problems central to theoretical studies --- internal and external uncertainty in large organizations, joint decision making, learning in organiza​tions, not to mention others.
  Here we have to assume away these problems except that of internal uncertainty.
An important issue in the theory of economic organization has been the choice between centralized and decentralized modes of de​cision making.  The well-known controversy on socialist’s planning resulted in almost unanimous preference for decentralized decision making by individual agents coordinated through a price mecha​nism.  The reason for the preference was that the cost of communica​tion and that of computation in a centralized economy would be prohibitively high.  This is partly because the number of economic variables and relations is large and partly because relevant in​formation is difficult to transmit.

Since that time the problem of centralization and decentraliza​tion has been considered mostly from informational aspects.  J. Marschak and Radner constructed the theory of teams, emphasiz​ing various information structures of teams.
  They computed the cost of communication and that of observation in certain teams without using communication theory.
  In a previous work, how​ever, Marschak presented a simple model with which the cost of communication is measured by using communication theory.

T.
Marschak investigated the problem of centralization and decentralization systematically.
  He assumed that production tech​nology was expressed by a set of linear activities and computed the cost of communication and that of computation in both centralized and decentralized systems.  The unit of communication cost was the transmission of a real number, and the unit of computation cost was an arithmetic operation.  The following are the major differ​ences between Marschak’s model and ours: (1) Marschak con​sidered both the cost of communication and that of computation, while we measure the cost of communication only.  (2) He assumed that production technology was expressed by linear activities, while we do not.  (3) We use Shannon’s measure of information to express the cost of communication, while he measured it by the number of real numbers transmitted.  (4) Both Marschak and we explicitly consider the errors (inaccuracy) of allocations.  The two formula​tions, however, differ significantly.  We introduce approximation of economic data at the outset, thus making the choice of the ac​curacy level entirely exogenous to the analysis.  Marschak assumed that, while the adjustment was proceeding, the previous (non​-optimal) allocation was in effect, so that higher accuracy could be obtained by delaying the time to adopt the optimal allocation.
Hurwicz formulated models of resource allocation and adjust​ments so general that centralized and decentralized systems are but special cases.
  He stressed informational decentralization: initial dispersion of information among individual agents and costliness of channels transmitting information.  A channel is consistent with informational decentralization if its capacity is such that economic data that are finite-dimensional vectors (like prices, commodities) can be transmitted but those that are infinite-dimensional vectors (like production functions and utility functions) cannot.  The main difference between Hurwicz’s formulation and ours is that we measure the cost of communication directly by introducing approxi​mation of economic data.  His definition of informational de​centralization seems to correspond to one of our results that the cost of communication in centralized systems is much higher than that in decentralized price mechanisms if the required level of accuracy is high.
II. THE MODEL AND THE APPROXIMATION OF ECONOMIC DATA
In this section we formulate a simple problem of resource alloca​tion into a model with respect to which the cost of communication is computed.  First, we state the model in ordinary terminology.  Next, we introduce a method for approximating economic data that appear in the model formulated and restate the model in terms of the approximate data.  The revised model thus obtained is suitable for computing the cost of communication.
A.
The Original Model
Let us consider two firms:[image: image2.png]1,2



.  Each firm possesses tech​nology represented by a production function,
(1)      [image: image4.png]


     [image: image6.png]


,
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is the input commodity and[image: image10.png]


the output commodity.  It will be assumed that the production function[image: image12.png]


is continuous, non-decreasing, and concave.
We next assume that the total supply of the input commodity is fixed at[image: image14.png]x% >0



.  The objective of the firms is to find an allocation[image: image16.png]


that maximizes the total output,
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subject to the input constraints
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B.
The Approximation
The formulation stated above is not suitable for our purpose, since it is difficult to express the degree of accuracy with it.  We introduce approximation in the following way.
Consider the input commodity, its quantity being denoted by[image: image26.png]


.  We assume that there is an upper bound of[image: image28.png]


such that no quantity of[image: image30.png]


beyond this bound will ever be considered.  For simplicity, we take the total supply[image: image32.png]


to be this upper bound.  (Note that it is safe to do so.)  We may then limit our attention to the interval, 
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.
Furthermore, we assume that it is not interesting to know a precise quantity of[image: image36.png]


, but that it is sufficient to have an approximate value only.  We adjust the unit of[image: image38.png]
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 is a given positive integer.  We then assume that only integer values of[image: image44.png]


are considered. Define the set of the integer values of[image: image46.png]


:
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The choice of[image: image52.png]


determines the degree of accuracy in this approxi​mation.

Let[image: image54.png]


be the price of the input commodity in terms of the out​put commodity.  We assume that[image: image56.png]


is approximated in the same way as[image: image58.png]


:
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where[image: image66.png]p° >0



is the upper bound of[image: image68.png]
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is a positive integer chosen exogenously, and the unit of the output commodity is adjusted so that[image: image72.png]


.  The output commodity[image: image74.png]


is approximated likewise:
[image: image76.png]


,
(7)
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.
The choice of the upper bound[image: image80.png]


is made for analytical conven​ience.

Let us next consider approximating production functions.  First of all, we assume that the class of production functions that pos​sibly arise in the allocation problem can be expressed by
(8)
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;
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is continuous, non-decreasing, and concave;
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where[image: image88.png]£



denotes the right derivative of[image: image90.png]


at[image: image92.png]


.  Figure I illustrates the range of the graphs of production functions belonging to[image: image94.png]


.  Among the conditions that characterize the set[image: image96.png]


, the first three are standard in economic theory, calling for no further comments.  The last two conditions, stated in terms of inequalities, are imposed chiefly for analytical convenience.

We shall “approximate” the set[image: image98.png]


of production functions with a finite set, as we approximated the sets[image: image100.png]
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, respectively, with the sets[image: image106.png]
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, all being finite sets.  We do this by con​sidering the values of a production function[image: image112.png]fEF
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and then approximating those values with points in[image: image116.png]
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such that
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is the integer approximating[image: image126.png]§i0))
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; the subscript may be omitted if no ambiguity arises.  Define
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.)  Immediately we have
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Inequality (9) shows that the function[image: image146.png]


approximates the original production function[image: image148.png]
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the approximate pro​duction function of[image: image154.png]


.  From definition (10) it is expected that the function[image: image156.png]


approximates the slopes of[image: image158.png]


.  In fact, it can be shown that
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(Proof is given in Appendix B, Part B.1.)  As might be suggested by (13), it is not true that the function[image: image170.png]110))



, unlike the slope[image: image172.png]fH-fG-1



, is non-increasing in[image: image174.png]


.  We write, for simplicity,
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The set of approximate production functions is defined by
(15)
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The fact that[image: image182.png]
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can be shown more precisely.  To do this, we extend [image: image186.png]


, which has been defined only on[image: image188.png]
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is the greatest integer not exceeding[image: image198.png]
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thus extended is a piecewise linear function; its graph is ob​tained by joining[image: image202.png](m+1)
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successively by segments.  It is noted that[image: image206.png]g(x)



may not be concave.  It can be shown that 

(17)
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That is to say, if[image: image212.png]


is large, the error of the approximation does not exceed[image: image214.png]n/4(= (y° — 1)/4m)



.  This implies that the error can be made arbitrarily small if a sufficiently large[image: image216.png]


is chosen.  Approxi​mation of[image: image218.png]
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is depicted in Figure II.
     In the preceding paragraphs we introduced approximate eco​nomic data for the input and the output commodities, the price of the input commodity, and the production technology.  We now turn to stating the demand function for the input commodity[image: image222.png]


in terms of the approximate data.  Let us first define
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     We show that the functions[image: image250.png]&o(m)
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may be interpreted to be the minimum and the maximum, respectively, of the “demand correspondence” at[image: image254.png]


for the input commodity approximated (in other words, these functions in a sense are the “inverse” of[image: image256.png]
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(For proof see Appendix B, Part B.3.)  For simplicity, we call[image: image272.png]&o(m)



and[image: image274.png]()



the approximate demand functions for the input com​modity.  It can also be shown that the demand correspondence formed by[image: image276.png]
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is “continuous” and “non-decreasing” (proved in Appendix B, Part B.2):
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Figure III illustrates (21).
C. The Model in Terms of the Approximate Data
    The allocation problem formulated previously as (2) and (3) can now be restated in terms of the approximate data that we have just introduced.  Suppose that information relevant to the allocation problem is dispersed among the three economic agents: [image: image288.png]
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to the central agent only.  The objective of an economic system is then to find a set of allocations, say[image: image294.png]A ={(xy,x5))



, such that
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is the (“true”) maximum output in the original allocation problem and[image: image308.png]


is a bound of allocation errors.
It is seen that an economic system is characterized by an al​gorithm for finding a set[image: image310.png]


. Informational activities of each agent and, hence, informational costs and allocation errors will be deter​mined once an algorithm is specified.  A general approach to the problem of comparing alternative systems would consider the trade​off between informational costs and allocation errors.  However, here we do not adopt such a general approach but limit our atten​tion to considering special problems only: For the centralized sys​tem we compute the cost of communication.  For the decentralized price mechanism we compute the cost of communication and esti​mate allocation errors.  All of these tasks will be done in the following section.
III. THE COST OF COMMUNICATION
The present section is devoted to computing the cost of communication in the two economic systems.  The discussion of each system is composed of two parts: (1) to describe the system’s in​formational activities to solve the allocation problem approximately and, especially, to describe communication among the three agents; (2) to compute the cost of communication by using Shannon’s mea​sure of information.
A.
Centralized System
    1. The centralized system to be considered here is like that discussed at the early stage of the socialist-planning controversy.  The central agent may be the State Government or the Central Planning Board.  It first collects from each firm all the information necessary to compute efficient allocations.  After computation the central agent informs each firm of an efficient allocation.  In terms of the approximate data introduced in the preceding section, the communication may be stated as follows: Each firm sends its approximate production function[image: image312.png]


to the central agent.  The central agent computes a set[image: image314.png]


of approximately efficient allocations by using the information given by[image: image316.png]
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.  It then chooses from[image: image322.png]


an approximately efficient allocation, say[image: image324.png](1.J2) EM?



and sends it back to the firms.
    2. The cost of communication in this system arises from two sources: transmission of[image: image326.png]
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  The sets of possible messages are[image: image330.png]
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, respectively, for the two sources.  As summarized in Appendix A,[image: image334.png]logl|G|
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denotes the number of elements in[image: image338.png]


) approximates the minimum number of bits needed to transmit[image: image340.png]


if one does not know the probability with which[image: image342.png]g:€EG



arises so that a code of equal length is assigned to each element of[image: image344.png]


.  We assume this and use[image: image346.png]logl|G|



for the index of the cost of transmitting[image: image348.png]


.  Likewise, the cost of transmitting[image: image350.png]
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.
    It is difficult to obtain a simple formula with which[image: image354.png]16]



can be computed; hence, we consider estimating[image: image356.png]16]



indirectly.  Let
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An element of[image: image370.png]


, if extended to[image: image372.png]


according to formula (16), is a piecewise linear non-increasing concave function from[image: image374.png]
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 likewise, is a piecewise linear continuous function from[image: image382.png]
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with slopes either non-increasing or increasing at most by one.  It can be shown that (see Appendix B, Parts B.4 and B.5 for proof)
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We then obtain, making use of the formulas,[image: image392.png]6]
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, the following equations:
(27)     [image: image396.png](mtn)mHnra/2

log|G,| = log

9 e/ ia T T



,
(28) 　　[image: image398.png](@mn-pyrmins/z
e ———

G| = log +r



,
where[image: image400.png]—logV2m



.  If, in particular,[image: image402.png]


, then (see Appendix B, Part B.6)
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  The cost of transmitting an approximately optimal allocation from the central agent to a firm is easily calculated; it is equal to[image: image418.png]log|M| = log



.
  The total amount of information transmitted within the central​ized system is (note that there are two firms)
(30)
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In view of (29), we obtain (if[image: image422.png]


)
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B.
Price Mechanism
1. This system may be a competitive market that follows the law of supply and demand; the central agent is the auctioneer of the market.  Or, it may be socialist’s price system, where the Cen​tral Planning Board adjusts prices according to the Lange-Taylor scheme.  Adjustments in this system proceed as follows: Given a current price, each firm computes the demand and then reveals it to the central agent, who then computes the aggregate excess demand.  The central agent raises (lowers) the price if the excess demand is positive (negative).  The process is continued until equilibrium is reached.
    For the problem we are dealing with, this process may be stated in terms of the approximate data in the following way: First, given a current approximate price[image: image426.png]TE]
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responds with the ap​proximate demand functions[image: image430.png]Eoi(mg) = Egi(m, h
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.  Then, the central agent computes the approxi​mate aggregate demand.  If the equilibrium condition,[image: image436.png]
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,
is satisfied, the process is terminated.
  Otherwise, the central agent adjusts the current price[image: image440.png]


 following the law of supply and demand and chooses a new price from[image: image442.png]


.
We first consider the equilibrium condition (32).  Let[image: image444.png]


denote an approximate price satisfying (32).  From (21) and (22) it can easily be derived that such[image: image446.png]


always exists. Furthermore, a bound of allocation errors at[image: image448.png]


can be estimated:
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.  This implies that the allocation error can be made arbitrarily small by choosing sufficiently large[image: image458.png]
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     Let us next state the price adjustment scheme in more detail.  To do this, we need to specify (i) a rule for choosing the initial price and (ii) a rule for choosing a new price at each step of adjustments.  (The law of supply and demand indicates the direction of the adjust​ment, but not its magnitude.)  We assume that rules are chosen in such a way that the largest possible number of adjustment steps be minimized.  In other words, we assume that the initial price is equal (or close) to the midpoint of the segment[image: image472.png]


and that the subsequent choice of new prices follows the bisectioning rule approxi​mately.  If[image: image474.png]


for some positive integer[image: image476.png]


, then it is possible to follow the bisectioning rule precisely: 
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,
(34) 
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,
where[image: image482.png](1)



is the initial price and[image: image484.png](t)



is the price chosen at the[image: image486.png]tth



step of adjustments.  It is clear that for this special case the largest possible number of steps is equal to[image: image488.png]k =log,n



.  If[image: image490.png]


 is not a power of[image: image492.png]


, the bisectioning rule may be followed approximately, and the largest possible number of steps is approximately equal to[image: image494.png]log,n



.
    The actual number of steps needed to reach equilibrium depends on the exogenously given data ([image: image496.png]


and[image: image498.png]


).  It is even possible, if not likely, that the initial price hits the equilibrium; no adjustment is necessary then.  A sophisticated treatment would compute the expected number of steps needed, assuming that some probability distribution on the set[image: image500.png]


is given.  In this paper, however, we esti​mate only the upper bound of the number of steps.
  2. The amount of information sent and received by each firm in one step is[image: image502.png]log



(for transmitting price[image: image504.png]
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(for trans​mitting the demand correspondence[image: image508.png](20t




).  Hence, we may assert that
(35) 
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, 
where[image: image512.png]


is the total cost of communication in this system.  If, in particular,[image: image514.png]


, then we have
(36) 
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.
C.
Comparison of the Two Systems
   Table I lists the lower and the upper bounds of[image: image518.png]


and the upper bound of[image: image520.png]


for some values of[image: image522.png]


(we assume[image: image524.png]


throughout this section).  If[image: image526.png]


is set greater than[image: image528.png]100



, that is, if it is required that the relative allocation errors be less than[image: image530.png]


percent ([image: image532.png]3/100



; see (33)), then the cost of communication in the price mechanism is definitely lower than that in the centralized system.  However, if we allow some​what higher relative allocation errors, then it is possible that the centralized decision making is cheaper with respect to the cost of communication than the price mechanism.
IV. CONCLUSIONS AND SOME FURTHER REMARKS
     In the preceding sections we considered a simple problem of allocating resources between two firms.  We introduced a method for approximating economic data with finite and discrete sets and computed the cost of internal communication in two economic systems seeking efficient allocations.  The comparison of the cost of communication confirms that the decentralized price mechanism is more economical if the required accuracy of allocation is high, but it also suggests that the centralization of information may pay if the required accuracy is relatively low.
     We are interested in comparing different economic systems, since in the real world the environment is often non-classical (e.g., externalities like pollution) and the market mechanism is likely to fail in such an environment.  Further, we are interested in compar​ing different systems with respect to the cost of communication, or more generally with respect to transaction or organizational costs, since these costs affect the systems’ overall efficiency (if one takes the normative viewpoint) or their viability (if one takes the descrip​tive viewpoint).
     The main purpose of this paper, however, is not to derive a general conclusion about the preference on the centralized system and the price mechanism, nor to consider allocation problems in the presence of externalities, but to propose certain analytical tools that might turn out to be useful for further studying these problems.  Partly for this reason and partly for the reason of mathematical difficulty, we kept our model within a very simple and limited frame​work.  Below we briefly consider some of the possible extensions of our model: (i) The “command system,” an adjustment mechanism that is like the price mechanism except that the roles of price and quantity are interchanged: Marglin once pointed out that the price mechanism and the command system are informationally equiva​lent.
  I confirmed this (with respect to the cost of communication) by using a method similar to the one used here.  (ii) The case of many firms: All the conclusions obtained in this paper will be carried through, since the cost of communication is linear in the number of firms.  However, if more than two firms are present, the possibility of systems other than those considered here arises (e.g., partially centralized economic systems).  (iii) The case of many input (and output) commodities: It seems mathematically difficult to evaluate[image: image534.png]1G]



, and also it is difficult to extend the “bisection rule” to this case.  (iv) The case of increasing returns or non-concave pro​duction functions: It is possible to evaluate[image: image536.png]16]



for the single-input---single-output case, so that the centralized system can be handled easily.  The difficulty lies in devising a decentralized adjustment process in a suitable way.  (v) Sequential communication, computa​tion, and decision making, with the possibility of variable degrees of accuracy: This is an interesting but seemingly difficult case, on which we have made no investigation.
The central method in this paper is discrete approximation of economic data.  It was introduced into our model based on the observation that any data used for information processing are fuzzy and contain errors and that decision making based on such data must be fuzzy too.  The need for considering explicitly the accuracy of data was demonstrated by the sensitivity to it of the relative cost of communication in the two systems.  It is noted, however, that our method --- discrete approximation --- is not the only way to express inaccuracy.  For example, it is possible to express it by adding to economic data error terms distributed probabilistically.  Our method is useful for the present study, but it also brings inconveniences.  First of all, if information is processed exclusively by digital mechanical devices, then discretization of data is natural, since this is the form in which a digital device handles information.  But in the real world, of course, information is not always processed in digital forms.  Apart from this point the usefulness of discrete ap​proximation lies in that (i) it makes everything finite and elemen​tary so that Shannon’s measure can easily be used and (ii) that it makes the adjustment rule for the price mechanism very simple.  One of its shortcomings may be that discrete approximation leaves irregularly distributed residuals, which cannot be dealt with in a simple setting.  In particular, as seen in Section II, it is difficult (if not impossible) to approximate concave functions by using discrete data.  Whether there is any method for expressing the fuzziness of data that is better than discrete approximation seems to be an open question.
APPENDIX A: COMMUNICATION AND THE AMOUNT OF INFORMATION
This appendix summarizes the part of communication theory that is needed for this work.
For the present purpose communication is to transmit a message chosen from the set of possible messages.
  We assume that the set is known both to the sender and the receiver of messages and that the set is finite.  Denote the set by
(A. l)     [image: image538.png]


,
             where[image: image540.png]


is a possible message.
  We assume that the probability for message[image: image542.png]


to occur is[image: image544.png]


:             

(A.2)     [image: image546.png]
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.
A message is transmitted through a channel in a coded form.  The means of coding could be letters, numerals, words, sounds, voices, electric currents or pulses, etc.  The power of communication theory lies in its independence of the choice of a particular channel and of the choice of particular coding.  Consider binary coding; a coded word (or code) that represents a message is a sequence of binary digits (bits),[image: image552.png]


and[image: image554.png]


.  The length of a code is the number of bits composing it.

The cost of transmitting message[image: image556.png]


depends on the length of its code.  The length of each code, of course, is determined by how each message is coded.  It is advantageous to give short codes to mes​sages transmitted frequently and to give long codes to messages transmitted less frequently, since this minimizes the average length of a code.
It has been shown by Shannon that, if each of the successive messages occurs independently, then the greatest lower bound of the average length of a code is equal to

 (A.3)    [image: image558.png]H(P) = —Xp;logp; (Z



.
The right side of (A.3) denotes the amount of information trans​mitted by a message.  It is also called the entropy of the system[image: image560.png]{4,



, the measure of the “degree of uncertainty” of the system.  The greater is the degree of uncertainty, the more is the amount of information needed to resolve it.  If, in particular, each message occurs with equal probability so that[image: image562.png]


for all[image: image564.png]


then
(A.4)    [image: image566.png]H(P) = H(n) = log



,
                     as can easily be derived from (A.3).
  It is noted that (A.4) is the maximum of (A.3) in[image: image568.png]


.  In other words, the amount of information given by a message is maximized when one knows nothing about which message is likely to occur.
                          The capacity of a channel is the number of bits that it can transmit per unit of time. Therefore, if the capacity is denoted by[image: image570.png]


, then the greatest lower bound of time needed to transmit information in the amount[image: image572.png]H(P)



is equal to[image: image574.png]H(P)/C



.  A remarkable result obtained by Shannon is that the above relation can be extended to noisy channels.
  A noisy channel transmits bits with possible errors: [image: image576.png]


as[image: image578.png]


or[image: image580.png]


as[image: image582.png]


.  If the probability law governing errors in transmis​sion is known, then it is possible to define the capacity from that probability law only, so that the relation among the capacity, the amount of information, and the transmission time is precisely the same as in noiseless channels.
                          The cost of communication includes the cost of constructing and operating a channel that transmits messages.  In considering the cost, we may take two viewpoints, short-run and long-run.  From the short-run viewpoint we suppose that a channel, noisy or noiseless, of some capacity has already been given.  Then the amount of information determines the transmission time, which together with the operating cost of the channel constitutes the (variable) cost of communication.  From the long-run viewpoint we suppose that a channel is yet to be designed and constructed.  The choice of an optimum channel depends upon various engineering and economic factors.  However, since the amount of information is defined inde​pendently of channels, we can consider it as the determinant of the long-run cost of communication.  Therefore, the cost of communica​tion may be considered independently of channels in spite of the fact that the cost is attached to channels.

APPENDIX B:  PROOFS
B.1: Proof of (12) and (13).  Since[image: image584.png]


belongs to[image: image586.png]


, (8) implies that[image: image588.png]


.  We write (9) as
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,

       [image: image592.png]g —-1<fGH=g9()



.

From the above inequalities we derive

(b2)    [image: image594.png]EfMH-fG-1D<g(-gG-D+1



,
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.

Since[image: image598.png]a@



’s are integers, we obtain[image: image600.png]


, which is (12) (See (10).)  Also, (13) follows from (b.2) and (10).
    B.2: Proof of (21) and (22).  By the definition of[image: image602.png]


and[image: image604.png]


(see (18)),
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.
Then (19) implies the first and the third inequalities of (21).  To show the second inequality of (21), suppose that it did not hold:
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, which is a contradiction since[image: image624.png]h(



is an integer.
B.3:Proof of (20).  Let[image: image626.png]& = &0



and[image: image628.png]


.  The first and the third propositions of (20) follow directly from[image: image630.png]Ep € Ay



and[image: image632.png]0 e A0



respectively.  It remains to show the second proposition of (20).  To do this, observe first that the proposition presupposes[image: image634.png]
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0.  It follows from (18) and (19) that
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.
(i)  Assume that[image: image644.png]


.  Then from (13) and the concavity of[image: image646.png]


we get
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.
In view of (b4) we have[image: image650.png]h(G) =h(E+1)+1=m+



.  (ii) Assume that[image: image652.png]j<



.  Then again from (13) and the concavity of[image: image654.png]


we get
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.
Hence, we have[image: image658.png]


.  Combining (i) and (ii) above, we obtain the second proposition of (20).  (It is noted that, if[image: image660.png]&+l
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from (b4).) 
                         B.4: Proof of (25).  (i) Let[image: image664.png]


.  Define an extension[image: image666.png]
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(the right side of (16)).  Then clearly[image: image674.png]
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.  This proves the first half of (25).  (ii) Let[image: image680.png]gEG
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’s are integers).  This implies[image: image696.png]gE



, proving the second half of (25).
                         B.5: Proof of (26).  (i) For a given[image: image698.png]gEG,



and the corresponding[image: image700.png]


, define a function[image: image702.png]


by
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.
                     Then[image: image708.png]


is strictly decreasing (since[image: image710.png]


is non-increasing) and maps[image: image712.png]
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is a strictly decreasing function that maps[image: image718.png]
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via (b5) is non-increasing and maps[image: image726.png]
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.  Hence, the function[image: image730.png]
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.  In other words, correspondence between[image: image736.png]
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deter​mined by (10) and (b5) is one-one.  Therefore,[image: image740.png]16,1



is equal to the number of strictly decreasing functions[image: image742.png]
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without repetition, rearranging them into, say,[image: image756.png](k';)



, which is in the decreasing order, and letting[image: image758.png]R =k,
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.  This proves the first equation of (26).  (ii) The second equation of (26) may be proved similarly if one replaces (b5) by[image: image768.png]RhGD=h() -2 -1)
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.
                         B.6: Proof of (29).  We prove the second equation of (29).  (The first equation may be proved analogously.)  Put[image: image772.png]
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, we have derived the second equation of (29).
* I owe much to Professors K. J. Arrow and L. Hurwicz for general guid�ance and valuable comments.  Peter Petri of the Harvard Economic Research Project gave me useful suggestions.  The work was supported by the Office of Naval Research under Contract No. N00014-67-A-0298-0019 (Project No. NR 047-004).
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Equation (A.4) can easily be verified if n is a power of 2. The simplest case is� QUOTE � ���, i.e.,� QUOTE � ���.  Then, say we code,� QUOTE � ���, and� QUOTE � ���.  Since the length of each code is� QUOTE � ���, so is the average length; this agrees with (A.4): � QUOTE � ���.  If� QUOTE � ���, then the coding may be� QUOTE � ���,� QUOTE � ���,� QUOTE � ���,� QUOTE � ���; the average length is � QUOTE � ���).


� Shannon, op. cit., Theorem 11, or Ash, op. cit., Theorem 3.5.1. 


� The relation of the organization problem to communication is in a sense analogous to that of the location problem                to transportation.  (Both of these are “network” problems.)  In the location problem the cost of transporta�tion is expressed in terms of, e.g., passenger-miles or ton-miles without specify�ing a particular mode of transportation, and this much specification is usually sufficient to solve the location problem.  It is noted that the concept of “ac�curacy” is of little practical importance in transportation (however, one could think of transmission of electrical energy on wires with some loss), while in communication the degree of accuracy is a basic notion.  The usefulness of communication theory to the organization problem lies in that, despite the presence of inaccuracy in communication, it makes it possible to handle the cost of communication in the organization problem in the same way as one handles the cost of transportation in the location problem.  (There is another outcome from comparing communication to transportation: J. Marschak, “Economics of Inquiring, Communicating, Deciding,” p. 9.)
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