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REGULARITY CONDITIONS FOR CONCAVE PROGRAMMING
IN FINITE DIMENSIONAL SPACESt/

Hajime Oniki

I. Introduction

It is well known that problems of constrained maximum can be
reduced to saddle-point or quasi-saddle-point problems by the method
of Lagrangian multipliers. This method is a useful tool for economic
analysis, since it reveals in a natural way the notion of shadow
prices accompanying the constraint functions of the maximum prob-
lems. Further, it is useful for computational purposes.

It is also known, however, that the reduction may not be possi-
ble unless some regularity conditions are satisfied by the functions
involved in constrained maximum problems. Kuhn and Tucker [4] first
considered nonlinear maximization problems with inequality con-
straints and proved that the reduction is possible whenever the
functions involved are differentiable and the constraint functions
satisfy a regularity condition called constraint qualification.
Later, Arrow, Hurwicz, and Uzawa [l] examined various constraint
qualifications and showed a condition which is the weakest of this
kind in the following sense: the condition is necessary and suffi-
cient for a differentiable constrained maximum problem to be reduci-

. . . . . 1
ble for any differentiable objective functlon.—/ They also showed



a number of simpler constraint qualifications sufficient for the
reduction.

On the other hand, Uzawa [6] treated the case where the func-
tions involved are concave but not necessarily differentiable and
proved that a constraint qualification originally given by Slater
and an extension of it are sufficient for the reduction to be valid.g
It is an interesting question whether or not the weakest constraint
qualification can be found for concave problems as done in [1l] for
differentiable problems.

It is noted that constraint qualifications are stated as condi-
tions on the constraint functions only; they do not involve the
objective function. It may therefore be expected that even though
the constraint functions do not satisfy the weakest constraint quali-
fication, the reduction might be possible for some, though not for
all, objective functions. In fact, this is true even if the objec-
tive and the constraint functions are restricted to be differentiable
and concave.i/ It is therefore interesting to ask what properties
of the objective and constraint functions determine the reducibility
of constrained maximum problems. Recently, Rockafellar [5] gave an
answer to this question in an indirect way; he showed bv using a
parametric approach that, roughly speaking, the case where the re-
duction is impossible occurs when the Lagrangian multipliers accom-

. . . s e 4
panying the constraint functions become infinite.—



The purpose of the present paper is to study the two questions
stated above for constrained maximum problems with concave but not
necessarily differentiable functions. The discussion will be re-
stricted to the case where the number of variables entering the
objective and the constraint functions is finite and the number of
constraint functions 1is also finite. It will be shown in Section
IV that a condition on the objective and the constraint functions
(Regularity Condition (46)) is necessary and sufficient for the re-
duction (Theorem 2). This solves the second question in a sense
completely. On the other hand, the first question is answered par-
tially in this paper. 1In Section V a considerably weak constraint
qualification (Constraint Qualification (69)) is presented, from
which Slater-Uzawa's conditions and another condition ensuring the
reduction can be derived (Theorem 3).

Most results obtained in this paper depend on the fact that a
concave function possesses all the (one-sided) directional deriva-
tives of any order at any (interior) point of its definition. The
regularity conditions below are stated in terms of directional
derivatives.é/ In fact, it turns out that we need to use direc-
tional derivatives not only of the first order but alsoc of higher
orders. It may be of some use to summarize the properties of direc-
tional derivatives to the extent needed for the present work.é/ Sec~

tions II and III are devoted mainly for this purpose.



II. Preliminaries: The Directional Derivatives of a Concave
Function

l. Let ¢(x) be a real-valued concave function defined for any real

n-vector x = (x ,...,xn); i.e.,

1
(1) p(tx + (1-t)x') z to(x) + (1-t)op(x')
for all x, x', and 0 = t = 1.

Then it can be shown that ¢(x) is continuous for all x and that

(2) ol(x + uE) - p(x)
W

is decreasing in y > 0 for all x and

7
@-_/

From (2) we can assert that the expression

(3) dp (x;€) = sup olx + utE) - o(x)
u>0 M
= lim o(x + Ug) - p(x)

w0

exists for all x and €. We call (3) the directional derivative of ¢

at x with increment £. Thus, a concave function defined for all x
possesses a unique directional derivative at any x with any incre-
ment E.

From the definition of dgp(x,£), it is immediately seen that

for any u > 0O,

(x + pe) - o(x)
4 : = L
(4) dp (x:€) = .

In particular (put y = 1),

(5) p(x + E) = ¢(x) + dp(x;8), for all x and §.



The definition of dgp(x;E) indicates that in general dp(x:g) =
8/

+ . For the present case where p(x) is defined for all x,~ it
can be shown that
dp (x:€) < +=, for all x, g.g/
The following relation is then an immediate consequence of (3)
and (4):
(6) @ (XHE) = @(x) + dp(x:;€)u + o(u), where o(u) = o(u:x,g),
o{u) = 0, and o(uw)/u T 0 as u | O.
The directional derivative is positively homogeneous and sub-
additive:
(7) dy (x:\g) = dp(x:€)\, for all )} z O,
(8) dp (x;E+m) 2 dop (x:E) + dp(x:m), for all €,n. Therefore,
dy (x;€) 1is concave in g.lg/
In the remaining part of the paper, we shall often write for
simplicity as
(9) dy (x:€) = dp(€), etc., if x is held fixed so that no con-
fusion is likely. Also, directional derivatives will sometimes be

called derivatives.

2. From the fact that the directional derivative dp(Z) = dp(x:€g)

itself is concave in g, it follows that higher order derivatives

always exist; e.g.,



d(dp) (x,21;8)

I

dzm(X.gl:g)

1 1
dp(x:;8 " + y€) - deo(x:E )
o

I

sup
u>0

It

d3m(x.§l.§2:§) d(dzw)(x,gl.gz;g)

2 1 .2 2 1 .2
- sup do(x,g ;8 + ue) - dop(x,& ;8 )
u>0 M
etc. 1In general,
i 1 i-1 i-1 1 i-1
dp(x,87,...,E" T:g) =d(d o) (x,8 ,...,8 T:g)
(10)
i-1 1 i-1 i-1 1 i-1
- sup d o (x,& ,...:E + ME) - d op(x,& ,...;E )
wu>0 H

Namely, the i-th order derivative dl@(x,gl,...,gl—l:g) is the deriva-

i-2 i-1 g1—1

tive of dl_lm(x,gl,..., ;€ ) at with increment £.

In general, the argument of the i-th order derivative is com-
posed of (i+l) vectors x,gl,...,gi“l,g. To simplify the notation,
we introduce
(11) : -6t eh,
and write

dlw(X.gl....gl_l;g) = dlw(x,g(l“l);

g), etc.
Also, as done in (9), we shall sometimes write as

i i-1 i i-1 i
dlm(X.g(l ): g) =d w(g(l ):i) = dpl(g), etc.,
if the omitted arguments are held fixed so that no confusion is

likely.



If @p(x) is differentiable at x (in the ordinary sense), then
(3) implies

(12) dQO(Xrg) = Cpx(x)'g:

where @x(x) denotes the n-vector of the partial derivatives of ¢ (x)

with respect to xi(i=l,...,n). In particular, if @(x) is linear,
say ®(x) = ax, where a is an n-vector, then
(13) dy (x,E) = af.

Therefore, if p(x) is differentiable, we have

i (i-1) _ _ . .
(14) d o (x,8 €)= mx(x)-g = dp(x:§), for all i. This
points out the fact that if the function in question is differentia-

ble as well as concave, then it is unnecessary to consider its higher

order directional derivatives.

LEMMA 1:

(15) dzm(g;ag) = qdg(g), for any vector £ and any real number
o, and

(16) d2w(§l;§2) z d@(gz), for any vectors gl and §2

Proof:

dp (€ + uo€) - do(g)

dch(é jag) = sup

u>0 H
- sup (1 + uo)dp(g) - dp(g) (by (7))
4| >u>0 M

= qdep(€), and



1 2 1
dch(gl;gz) - sup dp(g + p€& ) - do(g )
u>0 M
1 2 1
= sup dop (€ ) + pdep(€ ) — do(8 ) (by (8), (7))
wu>0 W
2
= dp(E"). (QED)

The following is a generalization of (6) and (5)

-
-

LEMMA 2: k k
.. . . . 1 .
(a) o (x + z:(ul...ul)él) = @ (x) + Eldlw(xlé(l 1);§l)(u ...ul)
i=1 i=1
k
+ Z oi(ui)(ul---ui_l),
i=1
where 5(1—1) = (gl,...,gi~l), oi(ui) =0, and oi(ui)/ui 1 0 as ull, 0,

for i=1,...,k (k > O).ll/

(b) Furthermore, for any € > 0, there exist ul > 0 (i=1,...,k) such

that k
Noioi 1 i-1 1 k
(18) - ZO(u)(u-o-u ) < e ...u ).
i=1
(For a proof, see the appendix.)
LEMMA 3: Let op(x) 2z 0. If for i=1l,...,k,
i
p(x + Z.(ull...url)gr) z 0, for some url >0 (r=1,...,1),
r=1
then, for i=1l,...,k,
i
N 1 r,._r r
(19) pix + Z,(K ...x)E )z 0, for any A~ such that
r=1

0 < xr < ur = min url (r=1,...,k).



(For a proof, see the appendix.)

LEMMA 4: Let @ (x) be a concave function defined for all x. Then,
@(Q) = mix v(x) if and only if d@(g:g) = 0 for all g.

Proof: Assume @(2) = mix ¢ (x). Choose an arbitrary £ and u > O,

and let x = x + u€. Then by (6),

(x) 2 @(x) = @(x + pg) = @(x) + dp(x:E)u + o(u).

dp (x:8) s —o (i) /u-
Since o(u)/u Y 0 as u | 0, we get dm(i;g) = 0.
On the other hand, assume dyp(x;£) = O for all £. Choose an
arbitrary x, and let x = x + €. Then (5) yields

P(x) = @(x +E) 5 p(x) + dp(x:E) s @(x).  (QED)

IITI. Constrained Maximum Problems
1. Let f(x) be a real-valued concave function defined for all n-

vector x=(x "Xn) and g(x) = (gl(x),...,gm(x)) be an m-vector of

1°°°
real-valued concave functions gj(x) (j=1,...,m) defined for all x.
(These assumptions on f(x) and g(x) will be maintained throughout
the rest of the paper, unless stated otherwise.) In what follows,
we shall deal with problems of finding a vector x which maximizes

. . , . . 1
the objective function f(x) subject to the constraints g(x) z O.—g/

(Such x will be called an optimum. )
The following theorem states a necessary and sufficient condi-

tion for a vector x to be an optimum (whether the Lagrangian
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reduction, to be defined later, is possible or not). Define

|

(20)

=
1l

the closure of {g g(§ + ug) z 0, for some y > O}.

Then,

THEOREM 1l: x maximizes f(x) subject to g(x) 2 0 if and only if
g(x) =z 0 and geK implies df(x,£) = O.
Proof: (1) ('only-if' part) Assume that X maximizes f(x) subject
to g(x) 2 0. Let € satisfy g(x + u'€) z 0 for some y' > 0. From
the concavity of g(x) and the assumption g(x) z O,

g(x + ug) =z 0, for all 0 < y < u'.
Then from (6) and the optimality of x, we get

£(x) 2z £(x + ug) = £(x) + df(g;g)u + o(u), or

df(g:g) s -o(u)/u, for all 0 < u < y'.
Passing to the limit, we obtain df(§,g) = 0. Since df(§,g) is con-
tinuous in £, we conclude that g¢K implies df(g,g) = 0.

(i3) ('if' part) Assume that g(x) 2 O and that £¢K implies

df(§,§) = 0. Let x satisfy g(x) 2 0 and put § = x - x. Then (20)

implies E£¢K, and hence by the assumption one has df(§,§) = 0. But
from (5) one concludes that
£(x) = f£(x +€) = £(x) + df(x,8) = £(x). (QED)

2. In the sequel, we shall seek conditions which ensure the reduc-
tion of constrained maximum problems to saddle-point problems:
LAGRANGIAN REDUCTION: Let x be an optimum. Then, the functions

f(x) and g(x) are Lagrange reducible at x if there exists an
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m-vector § 2 0 (Lagrangian multipliers) such that (§,§) is a saddle-

point of the Lagrangian form

(21) L(x,y) = £(x) + yg(x)

subject to y 2 0. I.e., (x,y) satisfies

(22) y z 0, |

(23) L(x,y) s L(x,y) s L(§,y), for all x and all y z O.

The fact that the Lagrangian reduction is not always possible
(even for the case where the objective and the constraint functions
are concave and differentiable) is seen from the following example:
Let n=m=1, and
(24) £(x) = x,

—x2; then

Il

g (x)
L(x,y) = x A yx2
Then, f(x) and g(x) are both concave, X =0 is an optimum, and yet
the first inequality of (23) is not satisfied for any § z 0, since
L(x,y) = x(1 - yx) > 0 = L(x,y) for 0 < x < 1/y (if y > 0) or for
x>0 (if y = 0).
3. For the present case where the functions f(x) and g(x) are as-
sumed concave, the saddle-point property (22) and (23) above can_be
expressed in a different but equivalent way in terms of the direc-
tional derivatives of f(x) and g(x).

To do this, let x be an optimum. We divide the components of

g(i) z 0 into two groups (by reordering the components if necessary)
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in such a way that

(25) g(x) = (gy(x),...,g (x))
= (gE<£). gF(§)),
where E = {j\gj(x) =0, 1s3j= m},

F {j\gj(x) >0, 1s 3 ém}.

Namely, gE(g) is composed of the effective constraints and gF(Q)

of the ineffective constraints. The directional derivatives of the

components of g(g) will be written as vectors in a similar way:

(26) dg (x,8) = (dgy (x,8),..., dg_(x,g))

(dgE(glé), dgF(Q,g)), etc.

LEMMA 5: Let L(x,y) be defined by (21). Then, (;,§) is a saddle-

point of L(x,y) if and only if there exists §E z 0 such that

(27) df(x,8) + y dg_(x,5) = 0, for all g,

where x satisfies g(§) z 0 and (25).
Proof: First, assume that (§,§) satisfies (22) and (23). Then

from the second inequality of (23), §g(§) = yg(g) for all y =z O.

Hence, g(x) = 0. Also, by putting y = 0, one obtains yg(x) = O.
Since y z 0, one gets yg(x) = 0. 1In view of g(x) =z 0, we may write
down g(x) as in (25). Further, write y = (§E, §F) in the corres-
ponding way. From gF(g) > 0, it follows that §F = 0. Now the
first inequality of (23) can be written as

(28) £(x) + §EgE(x) s f(x) + §EgE(§), for all x.
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In view of LEMMA 4, one obtains (27).

On the other hand, assume that x satisfies g(g) z 0 and (25),
and that there exists §E 2 0 for which (27) holds. LEMMA 4 implies
(28). Define y = (§E, 0) 2 0. Then the first inequality of (23)

holds. Also, one has §g(§)

0. Since g(§) z 0, it follows that
0 = ;g(i) = yg(x) for all y =z 0, which implies the second inequality
of (23). (QED)

It is expected from this LEMMA that the Lagrangian reducibility
depends upon the property of the directional derivatives. Since, as
seen from (6), the directional derivatives df(g,g) and dg(g,g), re-—
spectively, approximate the values of the functions f(x) and g(x)
near x, we may state that the Lagrangian reducibility is determined
by the local structures of the functions at x. It will turn out in
the following sections that not only the first order derivatives but
also their higher order derivatives need to be considered to inves-
tigate the local structures in question.

IV. A Necessary and Sufficient Condition Ensuring the Lagrangian

Reduction
1. In the present and the following sections, we shall seek condi-
tions ensuring constrained maximum problems to be reducible. 1In
this section, we shall deal with conditions involving the objective
function f(x) and the constraint functions g(x).

It is natural to expect that the reducibility depends upon the
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properties of both f(x) and g(x), since the Lagrangian form (21) de-
pends on both. That this is in fact so may be seen from example (24)

and the following examples: let m=n=1 and

(29) £(x) = -x° ,
g(x) = --x2 ; then
L(x,y) = -(l+y)x2 :

also, let m=n=1, and

(30) f(x) = x,
g(x) = -lxl : then
L(x,y) = x - y|x| = (l-y)x, 1if x =z O,

(1+y)x, if x = 0.
All the functions appearing in (29) and (30) are concave. It is
easily seen that x = 0 is an optimum and (x,y) = (0,1) is a saddle-
point for each of the two problems; i.e., they are both Lagrange-
reducible. Examples (24) and (29) show that in general the Lagrange
reducibility depends on f(x), and examples (24) and (30) show that
it depends on g (x).
2. The following LEMMA will be used later for proving theorem 2,
but the LEMMA itself gives a sufficient condition for f(x) and g(x)
to be Lagrange-reducible at X:
LEMMA 6: If dgE(§,g) z 0 with € # 0 implies df(x,E) < 0, then there
exists yE z 0 for which (27) holds.

Proof: 1In the first place, define
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(31)

e

as) df(§;§) \ , for some E | .
| =
(a ) dgE(x:E) J

|

!

It is immediately seen from (7) and (8) that A is a convex cone.

Assume that dgE(g) z 0 with € # 0 implies df(£) < 0. Let N
be a positive number. Then by the definition of A, we have (CO'O)¢A'
We shall show that there exists a neighborhood, say S, of the point
(cO,O) such that SNA = 4. Suppose not. Then there exists a sequence,
say {(cg,cq)}, converging to (cO,O) as g - « such that (cg,cq)eA

for all gq. By the definition of A, there exists a sequence, say

{nq} such that

cg af(n?) \ , for all q.
=

a a

- dgg(n”)

Since S > 0, we may assume that the sequence is chosen in such a

way that cg > 0. Then, we have df(nq) > 0 so that by (8), nq # 0.
Let 3 = Enq} > 0, and
e = 3.
Then,
(32) j?q{ = 1, and
fcg df(gq) , for all qg.
(33) | s )
L e dg (5%

From (32) we may assume that the sequence {gq} is chosen so that

q

E* = go # 0, .say. Suppose for the moment that {xq} is bounded.

s SRR
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Then we may further assume that the sequences {gq} and {19} are chosen
so that xq - A° 2 0, say. Then, passing to the limit of (33), we

obtain c

(34)

df(g°) |
0/ dgE@”))

Since ¢, > 0, it follows that \1° > 0 and df(§°) > 0. But this con-

tradicts to the assumption of the lemma, since (34) implies dgE(§°)

q

z 0. Hence {xq} is not bounded; i.e., A* = 4w as q -~ +w. Since we

have from (33)

/

| cg/xq arc9) | , for all q.
1 =

| a,a q

\

. C /) dg(57)

it follows that df(£°) =z O and dgE(g°) z 0. But this also contra-
dicts to the assumption of the lemma, since £° # 0. Therefore, we
may assert that there exists a neighborhood $ of the point (cO,O),
such that Sra = &4.

Let us now choose a point (c.,c)eS such that o > 0 and ¢ < O.

0

Clearly (co,c)#A. Since A is a cone, one has

(35) x(co,c)eA, for any x» > O.

Next we define

.
ﬁ

l
/|
o/

0 7
| e J

Clearly, B is a convex set. Further, it can be shown that ANB = &.

b 1’b V> A/ c , for some A > O
0} 0] (
B:
b

N

For, if not, there would exist a point (bo,b)eA such that
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(bO,b) > k(co,c) for some A > 0. But then (31) implies X\ (c.,c)eA,

0

which is a contradiction to (35).
The sets A and B are convex and possess no point in common.

Therefore by a separation theorem of convex sets, there exists a

nonvanishing vector, say (vo,v) # 0, such that

(36) Vo2g + va = VObO + vb, for all (ao,a)eA and (bo,b)eB.

Since 0OeA, (36) implies that

(37) vobO + vb 2 0, for all (bo,b)eB.

Next we observe that the definition of B implies that if (bo,b) > 0,

then (bo,b)eB. Hence we must have (v

O,v) 2 O.lz/ This implies that if v = 0, then

O,v) z 0, but since (vo,v) # 0,

it follows that (v

VO > 0. On the other hand, if v 2 0, then we have vc < 0, and hence
P J—
v, Z vc/cO > 0,
the first inequality above being obtained from (37) and the fact
that (co,c) is in the closure of B. Summing up, we obtain 0 > 0

and v =z 0.

Now define Yp = v/v0 z 0. Since O is in the closure of B, (36)
in addition to (30) yields

(27) df (x;8) + yEdgE&;g) = 0, for all &. (QED)

3. Next let us proceed to state a condition, which we shall prove
is necessary and sufficient for the Lagrangian reduction to be valid.
The condition will be stated below recursively with some auxiliary

definitions.
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Let k be a positive integer (k will be specified later by (45)).
For each i (1 = i = k), define recursively (38) through (45):

i n

(38) X = R, if 1 =1,
(W if 1<isk,
C1 o . .
where Rn is the n-space, (Al 1) = {gexl 1 Er = 0 for all neAl 1}

- —

is the orthogonal complement of Al with respect to X:L , and

Al-l will be defined later by (44). Let

(39) Lt {gexildiggi(i,é(i“l); £) z 0} and
(40) Nt = {geLi a f(§,§(i‘l); g) z 0}, (i=1,...,k),
where
(41) gt - (g, if i =0,
{jeEi digj(g, 5(1"1); €) = 0 for all §aNi},
if 1 = i < k;
(42) Pt (O, if i =0,
et oo gl if 1 s i< kg
(43) (3~ @, 08Y, ana

. . . . . i . .
gi is a relative interior point of N, which is a convex
cone as shown below (i=1l,...k-1).

Further, we define
(44) Al = the subspace of Rn spanned by N (i=1l,...,k-1);

(45) k = min {i > O Ni = ij }.

We now state:



REGULARITY CONDITION:

i - - (i-1 . i
(46) d gEi( ,§( ),g) =z 0 with £eX
implies
atex,e Y.y 5 o, for i=1,....k,
(1) .
where £ (i=1l,...k~1) satisfy (43).

In order to verify that (38) through (45) are well defined so
that (46) is a meaningful condition, let us first observe from (38)
that
. L s
(47) xt = At @xt (i=1,...,k-1),

and hence that

(48) R =xt = At @@t et (h=1,...,k),

19

where the symbol (4) indicates the direct-sum of orthogonal subspaces.

‘ . 4 . . . .
In view of (47) one has dim Xl 1 = dim }(:L - dim Al, and hence from
(44)

- ‘ . .
(49) dim X* Lo dim X', unless N* = {0}.

Therefore, N = {0} for some (finite) i so that k satisfying (45)

is determined. It is also seen from (40) and (49) that k

1A

n+l.

Next, (25), (41), and (42) imply that

(50) EO ) El ) E2 D...D Ek,
(51) B = N Et (i=1,....%),

where EO ={1l,...,m} and the symbol(g)indicates the union of dis-

joint sets. Furthermore,
h h+1 h' h'
(52) E =F (U ...QOF WQE
(h < h'; h=20,1, ,k-1; h'=1,...,k)
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In particular (put h = 0),

0 1 h' —~ _h'
(53) E =F (U)....0QF WE (h'=1,...,k),
It is easily seen from (7) and (8) applied to the functions

dlgEi(g) and dlf(g) that the sets N- and L= are closed convex cones

. -1 . .
(i=l,...k). Therefore, one can always choose a vector £~ which is a

relative interior point of the convex cone Nl(i=l,...,k—l), since the

13/

relative interior of a convex cone is never empty.

This completes showing that (38) through (45) is a meaningful
construction.
4, The following lemma can be proved immediately in view of (40):

LEMMA 7: The regularity condition (46) implies that
i (i-1)

d f(x,E £) = 0, for all geNi (i=1,...,k).

LEMMA 8: If (46) holds, then
(54) d f(x,£ ;€) = 0, and

i+l - =(1i) i

where E(l) satisfies (43) (i=1,...,k-1).

. i -1 . . . . . i
Proof: Since €eA and £ 1s a relative interior point of N , one may

. . . . i i
find in view of (44) a positive number, say u', such that = + UgeN

for all 0 < y <- u'. Then (6) yields
i, -1 i_, =1 i+l -1
d7f(g” + pug) = d£(E7) + A7 TE(ET:E)u + o(uw).
i_ -1 i_ -1 . ,
But d f(§°) = 0 and d " £(§~ + ug) = 0 if 0 < y < y' by LEMMA 7. Hence,
i+l _ ,-i

d f(E7;8) = -o(u)/u, for all 0 < u < pu'.
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Passing to the limit, one obtains the first equation of (54).
The second equation of (54) may be proved similarly; we have
only to observe from (41) and (51) that if geAi, then
digEi+1(§i) = 0, and

d'gg i1 (E7 + ug) = 0, for all u sufficiently small. (QED)

LEMMA 9: Let £ be an arbitrary vector in Rn, and let
h~-1

, i ~h
(55) e = ve+E, (h=1,...,k),
i=1

where

i i

A (i=1,...k-1),
(56) :

ehoxh (h=1,...,k).

(Such decomposition of £ is always possible and unique by virtue of

(48).)

If (46) is satisfied, then

T o " —(1) ~i+
(57) ate @M ieh s at e @8, ana
i -(i-1) -1 i+l =i ~i+l .
d qu+1(€( )7€ ) =d” Tgpi+1(§7igT ), for i=l,...,k-1,
=(i-1) =-(1i) . .
where g and g are chosen so as to satisfy (43). 1In particu-

lar (since él =£g),

(58) df(E) = dkf(é(k"l);ék), and
k -(k-1) -k
dgy (8) = d gy (5 €.
Proof: From (55), we have
(59) st 2 gt 4 gl Then,
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" i i - i i .
dl lf(gl;gl l) _ dl lf(glrgl _ g:L) (by (59))
4 P - . <
= at™teEtEt) + at et 2t (by (8))
= attlteEt; et (by (56) and lemma 8)
i ~i
z d £(E7) (by lemma 1 and (16)).

The second inequality of (57) may be proved in a similar way. (QED)
THEOREM 2: (a) If the functions f(x) and g(x) are Lagrange reduci-
ble at x, then the regularity condition (46) holds at x for any
gi(i=l,...,k—l) satisfying (43). Conversely, (b) if the regularity
condition (46) holds at x for some gi(izl,...,k-l) satisfying (43),
then x is an optimum and the functions f(x) and g(x) are Lagrange
reducible at x.

Proof: (a) Assume that f(x) and g(x) are Lagrange reducible at x.

Then, by LEMMA 5, there exists Yp z 0 such that

(27) df(5) + y dg (g) = 0, for all ger=x!.

Let us agree that the components of Y and dgE(g) are arranged

in the following way (see (52) and put h'=k):

(60) dgEh= (dth+l,...,dng, dgEk)' and

th = (th‘*'l".'yFk' YEk): (h=l,...,k).

We shall show that (27) implies

(i-1)

) i
(61) ae@H ey vy jiate @Y,

g) = 0, for all geXl,

(i=1,...k,),
(i-1)

where 5 satisfies (43). Then, since YEi z 0 for all i, the

P —
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regularity condition (46) follows readily from (61).
We prove (61) from (27) by induction. 1In the first place,

when i=1, then (61) coincides with (27). Next, assume that (61)

holds for i. Then, by (51),

i i i
(62) A £(8) + voi41°d 9141 (B) + ¥pi41°d 95141 (8) = O,

for all Zex .
By (41) and LEMMA 7 with the induction hypothesis,

(63) d"f(¢) = 0, and
i i
d gEi+1(§) = 0, for all geN .

i
Hence yFi+l-dgFi+l(§) = 0, for all £eN . On the other hand,
Ypi41 2 O and dlgFi+l(§) z 0 for all EeN~ by (40). Hence y;dg, (2) =

n . o -
0 for all jeFl 1 and §eNl. But by the definition of Fl l, for each

. i+ . i
jeFl 1 there exists geNl such that dgj(g) > 0. Hence yj = 0, for

i+
each jeFl 1. I.e., Ypi+l = 0, so that from (62)

i i i
(64) d f£(g) + YEi+l’d gEi+l(§) = 0, for all EeX .

-1 . . . i
Let gl be an arbitrary relative interior point of N . Then,
41 s .
for all y > 0 and gaxl , we have(gl + uékxl (see (44) and (47)),

and hence by (64)

i_,-1 i -1

d f(g" + ug) + YEi+1‘d gEi+l(§ + ug) = 0.
In view of (6) and (63), we get

i+l i+l
d” "£(g) + Ypi+1 4 gEi+1(§) = ~o(u)/u, for all u > 0
i+l
and

UM
™
~
~
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from which the relation (61l) with (i) replaced by (i+l) is derived.
This completes the induction, proving (6l1) for all i.

(b) Assume that the regularity condition (46) holds

for some gl(i=l,...,k—l) satisfying (43). By (45), Nk = {O}.
k - - R . .
Therefore, d gEk(x,g(k l);g) z 0 with geXk and £ # 0 implies
k - (k-1) . .
a f£(x,E€ ;€) < 0. Hence, by applying LEMMA 6 to the functions

k
d f(§) and dk gEk(g), we have

(65) there exists yEk =z 0 such that
&~ f(§,§(k"l);g) + yEk.dk gEk(i,E(k"l);g) = 0, for all geXk
But (65) with (58) of lemma 9 implies that
(66) df (x78) + y x.dg y(x;8) = O, for all £sR’.
Define
(67) v = (0..... 04 yop).
From (66) and (67) we obtain (27). Hence, (§,§) = (;,(y ,0)) is a

E
saddle-point of the Lagrangian form (21). By Uzawa [6, Theorem 1],

X is an optimum. Therefore, f(x) and g(x) are Lagrange reducible

at x. (QED)
For example (24), we compute df(;,g) =g, dg(g,g) = 0, where
X = 0. Hence, L" = R*, N* = [0, =), L° = {o}, N = {0}, and k = 2.

The condition (46) is not satisfied for i = 1 so that the reduction

impossible.
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For example (29), we have df(x,E) = dg(x,£) = 0 and x = 0;

1 1 1 2 2 P, .
hence ., = N =R  and L” = N = {O}, and k = 2. The condition
(46) is satisfied for i1 =1, 2.

For example (30), we have df(§,g) =g, dg(x,§) = - £

1 1 r . . .
x =0, L = {0}, N = {O}, and k = 1. This satisfies (46).

V. Constraint Qualifications

1. In the present section, we shall be concerned with regularity

conditions stated in terms of the constraint functions g(x) only.

LAGRANGIAN REGULARITY: The constraint functions g(x) are Lagrange
reqular at %X, if the Lagrangian reduction is possible for any con-
cave function f(x) at x.

Conditions on g(x) ensuring the Lagrangian regularity are

called constraint qualifications. Since Kuhn and Tucker [3], a

number of constraint qualifications has been proposed. When the
constraint functions g(x) are assumed to be concave but not neces-
sarily differentiable, however, Slater-Uzawa's conditions, which
will be stated later (see Corollaries 2 and 3 of Theorem 3), seem
to be the only known constraint qualifications. In what follows,
we shall present a fairly weak constraint qualification, from which
Slater-Uzawa's conditions can be derived. 1In addition, another
condition sufficient for the Lagrangian regularity will be derived
from it (see Corollary 1 of Theorem 3).

2. In the first place, we need to state some definitions. For the
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given constraint functions g(x) and the given vector X, we apply

the recursive definitions (38) through (45) with the following modi-
fication: retain (38) through (45) but delete (40) defining closed
convex cones Ni(i:l,...,k) and replace it by: (40a) Ni is a closed
convex cone contained in Li(i=l,...,k).

Since all the definitions (38) through (45) except (40) are
stated in the form independent of the function f(x), the above con~
struction is meaningful at least formally. Further, it can easily
be verified that the statements (47) through the one preceding
Lemma 7 still remain true after (40) is replaced by (40a). There-
fore, we may assert that the above construction is meaningful.

Let us further define:

(68) K" = the closure of
i-1
i‘ N 1 r, -r 1 i
{iex gEi(x + L (W...u)E + (W ...u )E = 0, for
! r=1
- N
some ;= > O (r=l,...,1)}
- ‘ , 1
where @r(r=l,...,i—l) satisfy (43). It is seen that K = K, where

K is defined previously by (20).

LEMMA 10: For any Ni satisfying (40a) and for any éi satisfying

(43), Ki c Li(i=l,...,k).

Proof: Assume EeKi. By (68) and Lemma 2(a), there exists a sequence

{gq} converging to £ as g - « such that for each g



27

i-1
- r - ={(r-1l) =-r 1 r i -~ =(i-1 1 i
510+ La g1 (5,8 T EN WD) et & EET e (L uh
r=1
3
1 -
+ L or(ur)(u ...ur l) z 0, for some ur > 0 (r=1,...,1).
r=1

But by the definition of El, the first two terms of the above expres-

sion vanish, so that for each g

1
. . Aunl
(l_l);éq)(ul---ul) z - Z o (uF) (ul-.-ur—l) z 0, for

Ui

j_ —
d gEi(X'

Hence, by Lemma 2 (b),

dlgEi(;.g(l_l):Eq) z 0, for each q,
which implies that
i - —-(i-1
d gEi(x,g( );g) z 0;
. i
i.e., EeL . (QED)

CONSTRAINT QUALIFICATION:

(69) For any N© satisfying (40a) and for some 51 satisfy-
ing (43), LT < K" (i=1,....k).

In view of Lemma 10, one knows that (69) is equivalent to Ll = Kl

(i=1,...,k). Further, for a special case whe.e the functions g(x)

are differentiable, (69) reduces to Constraint Qualfication W in [1].

We shall prove later that (69) is sufficient for g(x) to be Lagrange

regular at x.
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i+
LEMMA 11: If F ' # &, then

(70) dlgFi+l(§,§(l'l);El) > 0, for i=l,...,k,

for any Nl satisfying (40a) and for any El satisfying (43).
. i+l
Proof: Suppose the lemma does not hold; i.e., for some jeFl there
. -i . . . i . i -1
exists a £ in the relative interior of N~ for which d gj(§ ) = 0.
Let § be an arbitrary point of NT. Then, since 51 is in the rela-

. . . i . -1 i
tive interior of N, there exists t(0 < t < 1) such that (§° - tE)eN .

Since El = tg + (gl -~ t€), we get in view of (8)

v

(71) 0 = a'g () tdigjm + (1—t)digj(€’“ - te).

Since dlgj(g) z 0 and dlgj(gl - t€) =z 0 by (39) and (40a), we obtain

(72) dlgj(g) = 0, for all EecN .

. . e e i+l
But this contradicts to the definition of F . (QED)

LEMMA 12: For any N* satisfying (40a) and for any El satisfying (43),

(73) Kl = the closure of

i-1

{gexl g(; + z:(ul...pr)gr + (ul...ul)g) z 0, for
r=1

some ur > 0 (r=l,...,i)}, for i=1,....,k.
(For a proof, see the appendix.)
THEOREM 3: If the constraint functions g(x) satisfy Constraint
Qualification (69) at x, then they are Lagrange regular at X.
Proof: Let f(x) be an arbitrary concave objective function which is

marximized at x subject to g(x) z 0. To this f(x) and the given
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functions g(x), apply the definitions (38) through (45). The set Ni
thus obtained is a closed convex cone contained in Li(i=l,...,k),
and the vector §i is in the relative interior of Ni(i=l,...,k-l).
Therefore, by the assumption of the theorem, Li c Ki for i=1,...,k.

We shall show that the regularity condition (46) is satisfied
by £(x) and g(x) at x. The proof will be carried out inductively.

For i=1, assume dgEl(E,g) z 0; i.e., geLl. Then (69) implies
that geKl = K. In view of Theorem 1, one obtains df(x,3) = 0. Thus,
(46) is satisfied for i = 1.

Next assume that (46} is satisfied for all r less than i. Let
digEi(g,E(i—l);é) z 0 and gexi; i.e., geLi. By (69) we have ;aKi.
Lemma 12 then implies that there exists a sequence {gq} converging
to £ as g » » such that for each g

i-1
- 1 - 1 ;
g(x + (W eeewDE + (u...uhe?) z 0, for
r=1

some ur >0 (r=1,...,1).

Since §reNr c 1" for all r less than i, the induction hypothesis and

(69) imply for r=1,...,1i-1,
X
g(x + E:(u cou"HE®S) 2 0, for some u°F > 0 (s=1,...,r).
S:

Then, in view of Lemma 3, we have

i-1
gix + L ot.aniT e atoahed) = o,
r=1

for any AT > O sufficiently small (r=1,...,i).
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Since x is an optimum, we have from Lemma 2(a) that, for each g

and for each Xr > 0 sufficiently small (r=1,...,1i),
i-1

= - N 1 r,-r 1 i, _q

f(x) =z f(x + Z,(x ce A T)ET O+ (NTLLAT)ET)
r=1

i-1
= f£(x) + Eﬁdrf<;,g<r-l>;5r><x1...xr>
r=1

i
vate @I e 0L ok« ) otah ol Y.
r=1
By the induction hypothesis and Lemma 7,
aFex, 2 T LET) < 0, for r=1,...,i-1.
Hence, for each q, i
ek, e 0t 0t s - Z L)yt ath,
r=1

for any kr > 0 sufficiently small (r=1,...,r).

Lemma 2(b) then implies that for each g

dlf(g,g(l_l);gq) = 0, and hence

atex, g e

1A
o

I.e., (46) is satisfied for i. This completes the induction, proving
the theorem. (QED)
Corollary 1: If, for any £ # O, there exists jeE1 such that dgj(g,é)
< 0, then g(x) is Lagrange regular at x.
Proof: Under the given condition, we have

kK- =1t = n' = {o}.

with k = 1. Hence, (69) is satisfied at x. (QED)
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1 . .
Corollary 2 (Uzawa): Let G and Hl be, respectively, the set of linear
, . . 1 .
constraints and the set of other constraints in E . If there exists
n
£eR such that
(74) dgGl(i;g) =z 0 and

d X;E 0,
ng(x =) >

then g(x) is Lagrange regular at X.
Proof: 1In the first place, we apply the definitions (38) through (45)
to the given functions g(x) and the given vector x where (40) is re-

placed by (40a).

Define
(75) Gt = {jeEl gj(x) is linear}, and
gt = g* - ¢, for i=l,...,k.

Then, obviously (see (50)),
(76) Gl ) G2 D ... D Gk, and
" > 65, Y o HY (i=1,...,k).
For any Nl satisfying (40a) and for any 51 satisfying (43), the
second half of (57) in Lemma 9 still holds. Therefore, in view of
. i i o R §
(74), (57), and (75), we may assert that there exist € =~ and g eX
such that
i ~1 .
(77) d gHi(g ) > 0, for i=l,....,k,

. . -1
where £ and £' satisfy (55) and (56). (Note that £ = %.

Uy
S

Next, let us write the linear constraints as
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i (x=x), for i=1,...,k,

(78) g.i(x) =A

G G
where AGi(i:l,...,k) are appropriate matrices. By (13),

(79) dlgGh(E,g(l"l);g) = A nt. for i,h=1,...,k.

Now from (74), (55), and (79),

(80) 0 = dg_;(5) = ALt
i-1
r ~i
r=1
;51
= La™g i) +agst, for isl.. k.
r=1 G G

Then Lemma 8 and (56) yield

(81) ALi5" 2 0, for i=1,...,k.

. ~i i .
Let us now choose an arbitrary §eL for each i; i.e.,

i ~i
(82) d gEi(§ ) 2 0, or
i ~i ~i i ~i
d gGi(§ ) = A i 2 0 and d gHi(i ) =z 0.
Define
(83) et (t) = tg" + (1-t)5 ,

where 0 < t < 1. Then, by Lemma 2(a), (76), (41), (43), and (8),

i-1 i
(84) g, i (% + ) (5 ET 4 Wk o DHee)) = dlgHi<g(t»uﬁ.LF>+-zoruf)ai.4r L
r=1 o1
i
r-1

. ~ s . . A
= [tdlgHi(gl)-+(1-t)dlgHi(§l)](q{.Jﬁ + Lot (E LT s o,

r=1

for some pu- > 0 (r=1,...,i),
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the last inequality being obtained from (77), (82), and Lemma 2(b).

On the other hand, we get from (78), (76), (41), (43), and (83)

i-1 g;l
- 1 - 1 i i 1 - 1 i, i 3
(85) ggi(x+ L (e E + (WeuE (£)) = A LowrtauDHET e wliuhe (£)}
r=1 r=1
= (u%.ul){tAGigl + (l—t)AGiEl} z 0, for some ur >0 (r=1,...,1),

where the last inequality is obtained from (81) and (82).

Finally, from (84) and (85), we may conclude that «”l(t)e:Kl if

>

0 <t< 1l. Since K is ClOsed,igle K'. Therefore we have
i i .
(86) Ll c K, for i=l, ..., k.
That is, (69) is satisfied. (QED)

. 1 .
Corollary 3 (Slater-Uzawa): If for any j e E there exists £ ¢ Rn such

U

that dgj(g, £) > 0, then g(x) is Lagrange regular at X.

Proof: This is a special case of Corollary 2.

(Remark: If the condition in Corollary 1 is satisfied at x, then for ;
any x # X there exists je El such that gj(x) < 0. But the converse
is not true. On the other hand, the condition in Corollary 3 holds

if and only if there exists x such that, for any j, gj(x) > 0.)
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Appendix

{A] Proof of Lemma 2(a):
To begin with, let us spell out the full arguments of the residual

functions ol(ul) appearing in (17):
i, 1 i, i i-1 E: i+1 r. _.r .
(al) o (u) = o (u :x, ( ) (W™ veen )ET), for i=1,...,k.
We shall prove Lemma 2(a) by induction on k. 1In the first place,

if k = 1, then it is reduced to (6). Next, assume that (17) with

(al) holds for all k such that k = s. By the induction hypothesis

where k = 1, we have
s+1 s+1
Nooo1oi i Y
(a2) o (x + Zj(u--u JET) = p(x + u {g + L;(u § }
i=1 1=2
gél
= ox) +dp(x: er+ L wlaahehut +otwh,
i=2
where
+
(a3) ol(ul) = ol(u : E: g ) = 0 and ol(ul)/ul T 0 as ull 0.
Define
(ad) Y(n) = dep(x: n).

Since v is a concave function, we may apply to ¥ the induction hypothe-

sis where k = s, obtaining
s+1 é
1 2 i, i 1 ) 2 i+l i+l
(a5) dep(x, § + (W- o DET) = v (€ + L (u-.n )E )
i=2 i=1
s

S
A . .
i+1 2 i+l i i+l 2 i
=Y§)+de@,§“n:§ Ywiut T+ Lop T
i=1 i=



%ﬁl
1 o1 1 i
=dp(x, )+ L dox, €, .c.;: 8 ) ...u)
i=2
s%l
) i, 1 2 i-1
+ Lo (W) ... ),
i=2
where
]
i+l i, i+1 1 2 i E: i+2 r+l, r+1 i+1
(ab) p (u ) =p (u i€ L,E L, ..., E, (u T )€ ) =0
r=1i
5;1
i+1, 1+1 i ) i+1 r
= o0 (u H X.g( ), Lo (u w J)Z7), and
r=i+1
i, i+l i+1 i+l i+1 i+l i+l .
p (u ) /u =0 ( ) /u T 0 as u J 0, (i=1,...,s).

By combining (a2), (a3), (a5), and (a6), we obtain (17) with (al)
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for

k = s+1l. This completes the inducation, proving Lemma 2(a) for all k.

[B] Proof of Lemma 2(b):
From (17) and (al), one may assert:
(bl) For any ¢ > 0, for each i (1 = 1 = k), and for any

r . i .
u > 0 (r=i+l,...,k), one can choose a uy > 0 satis-

k 1 . . .
Next, choose yu > 0,...,u > O successively in this order so

that (bl) is satisfied for i=k,k-1,...,1. This is possible since

‘ . o1 .
each residual ol(ul) does not depend on u%..., ul . v the ul's
thus obtained, we have from (bl)

i, i 1 i-1 e, 1 k ,
(b2) -0 (u ) (U ... ) < ‘]Z(u ...l ), for i=1,....,k.

By summing up (b2) over all i, we get (18).
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[c] Proof of Lemma 3:
The proof will be conducted by induction on k. Consider first

. 11
the case where k = 1. From the assumptions p(x) 2 0 and @(x + u gl)

2 0 for some ull > 0, we get in view of (1)

1.1 1 . .
(cl) o(x + A €7) =z 0, for any A  satisfying
1 1 ) i 1
0 <t <t = min pTr= 0t (=D,
i
(rsisl)

which is (19) for k = 1.
Next assume that the lemma holds for each k such that k = s.

Assume further than the condition of the lemma holds for k = s+l;

i.e., for i=1,...,s+1,
&
(c2) p(x + i;(ull...url)gr) z 0, for some url:>0 (r=1,...,1).
r=1
Write (c2) as
&
1i 21 ri,._r
(c3) p(x +u { L (W™ ... 7)E }) z 0.
r=1

Then, by applying to (c¢3) the induction hypothesis for k = 1, we

obtain for i=1,...,s+1l,
; &
1 E‘ 2i ri, _r 1 21 ri, , 1 r
(ca) ox +am L Wt e selx ey ¢ L WP uThote ) =0,
r=1 r=2
for any xl satisfying 0 < xl < ul = min ull and for some
i
) (1=iss+1)
url >0 (r=2,...,1i). In particular,

(c5) p(x + xlg) z 0 for any such xl.
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By applying again the induction hypothesis for k = s to the inequali-

ties (c4), we obtain, in view of (c¢5), for i=2,...s+1l
i i
1.1 N 2 r l r 5 1 r..r

(c6) p(x + 1A7g" + L(x...x)(xg)=cp(x+1(x...x JET) = O,

r=2 r=1
for any Xr satisfying 0 < Xr < ur = min url (r=1,...,s+l1).

i
(r=si=ss+1)

By combining (c5) and (c6), we have (19) for k = s+l. This completes
the induction, proving the lemma for all k.
(D] Proof of Lemma 12:

In view of (68) and (52) (put h=0 and h'=i), it is sufficient

to show that for each i=1l,...,k and for each h=1l,...,i,Z ¢ Ki implies
g;l ’
(d1) th& vl whuHET e Wt uhe) 2 0, for some
r=1
ur > 0 independent of h (r=1l,...,1i).

In fact, we shall show that, for any £ € Rn, (dl) holds strictly.

Let 1 = h=s 1=k, and fix h and i. Write
g;l h-2
(d2) Lo nE e wbuhe s 4ol uhEte ol ouhe
r=1 r=1
where ;;l
(d3) o LGP HET e Wb
r=h

Then, since by (41l) and (51)

(a4) g T ET) =0, (x=0,1,...,0-2),

we may write, in view of Lemma 2(a),
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i-1
- ‘ - 1 i
(as) gn(x + Ll HET s ohouhe
r=1
h-1
_ h-1 N

- =(h-2) ~h-1 1 h-1

L Wl P v Lot L uE .
r=1

. . ., ~h- =h-1

From (d3) it is seen that for any ur > 0 (r=h+1,...,1) gh 1—7 gh
h . . r

as u & 0. Therefore, Lemma 1l implies that for any u > O

(r=h+1l,...,1i) there exists some uh > 0 such that

(d6) dh'lth(§,§(h'2):€h—l) > 0.

In view of Appendix B (especially in view of the way that ul's

are chosen in (bl) and (b2)), we can choose ul,ulnl,...,u successively

in this order in such a way that these u's are independent of h and

(dl) holds strictly for h=1l,...,1i.
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FOOTNOTES

See [1l, theorem 1 and Constraint Qualification w].

See [6, theorems 2 and 3] and Corollaries 2 and 3 below.

See example (29) below. The problem given there is reducible
even if the constraint function does not satisfy Constraint
Qualification W in [1].

See [5, chapter 6].

In fact, Kuhn and Tucker already suggested that the properties
of the directional derivatives of a concave function could be
used to examine the possibility of the reduction [4, p. 482].
Eggleston [2, pp. 45-51] and Fenchel [3, pp. 79-88] contain some
materials concerning the directional derivatives of a concave
function.

See [3, pp.‘58, 75, 79-80].

This property will also be obtained if g(x) is defined on an
open subset of the n-space.

See [3, pp. 79-80].

See [3, pp. 80-81, 66-67].

The arguments of the function dlw(x,gl,...,gl—l;gl) for the case

. . 1 1 i-1

i = 1 should read as in dp(x:;g€° ), and the product (u ...u ) for
the case i = 1 should be regarded as being equal to 1. Such con-

ventions for indexed notations will appear several times in the

rest of the paper; they should be interpreted in the most natural



way as the examples above show.

Let x = (xl,...,xn). Then, x 2 0 if X, 2 0 (i=1l,...,n); x =

if x 2 0 and x # 0; and x > 0 if X, > 0 (i=1l,...,n).

See [3, pp. 5, 40].

>

0]

40
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